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Unonditional onvex optimizationConvex optimization problem
min f (x) = −f ⋆(0) = sup

x

{0x − f (x)}Algorithmi ideaRedue omputation of f ⋆(0) to projetions on approximation ofepi f ⋆.If it were possible to projet on epi f ⋆ itself then we would havesuperlinear onvergene !Nurminski Projetion and onvergene



Wolfe algorithmLeast distane problem:
min ‖x‖

x =

m∑

i=1

λi x̂
i

(λ1, λ2, . . . , λm) ∈ ∆m

= ‖x⋆‖ = ‖
m∑

i=1

λ⋆
i x̂

i‖ (1)
Wolfe algorithm:1 For ertain I ⊂ {1, 2, . . . ,m} solve (??) without nonnegitivityonstraint. If some λ⋆

i
is negative, drop it from I aording tosome rule and resolve.2 For x⋆ =

∑
i∈I

λ⋆
i
x̂ i �nd kI suh that x̂kI x⋆ = min x̂ ix⋆ andadd it to orral: I → I ∪ kI .Nurminski Projetion and onvergene



Rate of onvergene
Type of onvergene:

‖x⋆‖ ≤ Cqk , k = 0, 1, . . .where k is a number of iterations.If 0 /∈ o {x̂1, x̂2, . . . , x̂m} onvergene is �nite and �better thenlinear�.Preise upper bound for q is unknown.
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Projetion on polyhedraLeast norm solution for a system of inequalities:
min 1

2
‖x‖2

Ax ≤ b

= ‖x⋆‖

A � m × n matrix, et.Appyling exat penalty: there exists Γ > 0 suh that for all γ ≥ Γ

min 1

2
‖x‖2

Ax ≤ b

= min{
1

2
‖x‖2 + γ|Ax − b|+

∞
} (2)where |Ax − b|+

∞
= max{0,maxi=1,2,...,n(Ax − b)i}.
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Reduing to polytopeDenote x̄ = (x , xn+1) and Ā = ‖A|b‖.Then
Ax ≤ b ↔ Āx̄ ≤ 0, x̄n+1 = 1Moreover

|Ax − b|+
∞

= |Āx̄ |+
∞

= max
λ∈∆m

o {0, (Āx̄)i}, i = 1, 2, . . . , n}.Therefore in terms of support funtion:
|Ax − b|+

∞
= (o {0, (Ā)i}, i = 1, 2, . . . , n})x̄with x̄ = (x , 1). Nurminski Projetion and onvergene



Reduing to polytope
Rewriting penalty term:

min 1

2
‖x‖2

Ax ≤ b

= min{1

2
‖x̄‖2 + γ(o {0, (Ā)i}, i = 1, 2, . . . , n})x̄} =

min{1

2
‖x̄‖2 + (γo {0, (Ā)i}, i = 1, 2, . . . , n})x̄} =

min{1

2
‖x̄‖2 + (Dγ)x̄}where Dγ = γo {0, (Ā)i}, i = 1, 2, . . . , n} and again x̄ = (x , 1).
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Reduing to polytopeUsing Lagrange relaxation on x̄n+1 = 1 = x̄en+1 obtain
min 1

2
‖x‖2

Ax ≤ b

= maxu minx̄{
1

2
‖x̄‖2 + (Dγ)x̄ + u(x̄en+1 − 1)} − 1

2
=

maxu{−u + minx̄{
1

2
‖x̄‖2 + (Dγ + uen+1)x̄}} −

1

2The essential part of above is
φ(u) = −min

x̄
{
1

2
‖x̄‖2 + (Dγ + uen+1)x̄}} = min 1

2
‖x̄‖2

x̄ ∈ Dγ + uen+1where Dγ = γo {0, (Ā)i}, i = 1, 2, . . . , n} with γ arbitrary large.
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Reduing to polytopeIt an be shown that for �γ = ∞�
φ(u) = αu2, α = φ(1) > 0and hene

min 1

2
‖x‖2

Ax ≤ b

= −
1

4φ(1)
.that is it is su�ent to solve the polytope-like problem

min 1

2
‖x̄‖2

x̄ ∈ Co{Āi , i = 1, 2, . . . ,m} + en+1with with only m rays and n + 1 variables.Nurminski Projetion and onvergene



Numerial experiments

 1e-08

 1e-07

 1e-06

 1e-05

 1e-04

 0.001

 0.01

 0.1

 1

 10

 0  100  200  300  400  500  600

1000x2000

abs err
rel err

Nurminski Projetion and onvergene



Numerial experiments
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