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essesDe
omposition and parallel 
omputations Convex feasibility problemConvex optimization problemVery simple CFP,X = X1 ∩ X2, sequential proje
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Find a point in the set

2x1 + x2 ≤ 0
−2x1 + x2 ≤ 0

x0

x1

x2

Π1(x
0) = x1

Π2(x
1) = x2
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Find a point in the set

2x1 + x2 ≤ 0
−2x1 + x2 ≤ 0

x0

x1

x2

Π1(x
0) = z1

Π2(x
0) = z2

x1 = (z1 + z2)/2

Nurminski Perturbed Fejer pro
esses



MotivationsFejer pro
essesDe
omposition and parallel 
omputations Convex feasibility problemConvex optimization problemVery simple CFP � simultenious proje
tion

 0.001

 0.01

 0.1

 1

 10

 0  5  10  15  20  25  30

Iterations

Simultenious projections

maximum violated constraint
distance to the feasable set

Nurminski Perturbed Fejer pro
esses



MotivationsFejer pro
essesDe
omposition and parallel 
omputations Convex feasibility problemConvex optimization problemProje
tion in optimization and related subje
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Proje
tive equations:

x = ΠX (x − λG (x)), λ > 0

G � (sub)gradient �eld, variational ineqaulity operator, . . .
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tsProje
tive equations:
x = ΠX (x − λG (x)), λ > 0Simple iteration:

xk+1 = ΠX (xk − λG (xk)), λ ∈ (0, τ),Disadvantages:1 G (x) needs to be strongly monotone;2 di�
ult to implement for nontrivial X ;3 low rate of 
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omputations Convex feasibility problemConvex optimization problemVery simple COP
Solve the optimizationproblem:

min (−x2) = min cx

2x1 + x2 ≤ 0
−2x1 + x2 ≤ 0

x1

x2

−c = (0, 1)
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Solve the optimizationproblem:

min (−x2) = min cx

2x1 + x2 ≤ 0
−2x1 + x2 ≤ 0

x0

x1 = Π1(x
0 − λc)

x2 = Π2(x1 − λc)

x1

x2
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esses with arbitrary perturbationsFejer pro
esses with attra
tantsConvergen
e theoryFejer operators
De�nition. An operator F will be 
alledFejer if for any x ‖F (x) − v‖ ≤ ‖x − v‖for all v ∈ V , x ∈ x̄ + U.De�nition. Fejer operator F will be 
alledlo
ally strong if for any x̄ /∈ V there existsa neighborhood of zero U and small enough
α ∈ [0, 1) su
h that ‖F (x)−v‖ ≤ α‖x −v‖for all v ∈ V , x ∈ x̄ + U. V
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essesDe
omposition and parallel 
omputations Fejer pro
esses with arbitrary perturbationsFejer pro
esses with attra
tantsConvergen
e theoryFejer pro
esses
xk+1 = F (xk), k = 0, 1, . . . (1)where F is a Fejer operator of any kind.Theorem. Let V � 
losed and bounded, F � lo
ally strong Fejer,and sequen
e {xk}, obtained by (1) with some arbitrary x0,bounded. Then all limit points of {xk} belong to V .
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omposition and parallel 
omputations Fejer pro
esses with arbitrary perturbationsFejer pro
esses with attra
tantsConvergen
e theoryPerturbed Fejer pro
esses
Fejer pro
ess with small perturbations:

xk+1 = F (xk + zk), k = 0, 1, . . . (2)Theorem. Let V � 
losed and bounded, F � lo
ally strong Fejer,the sequen
e {xk}, obtained by (1) with arbitrary x0, is bounded,
zk → 0 when k → ∞. Then all limit points {xk} belong to V .
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omposition and parallel 
omputations Fejer pro
esses with arbitrary perturbationsFejer pro
esses with attra
tantsConvergen
e theoryColle
tions of Fejer operators
Theorem. Let Φ = {F1,F2, . . . ,Fm} is a �nite 
olle
tion ofoperators Fi su
h that for any x /∈ V there exists Fi lo
ally strongFejer at x , zk → 0 when k → ∞ and Fk = Fik

, where Fik
� lo
allystrong Fejer at xk . If the sequen
e {xk}, 
onstru
ted by

xk+1 = Fk(xk + zk), s = 0, 1, . . . (3)is bounded then all its limit poins belong to V .Question: What about in�nite families ?
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esses with arbitrary perturbationsFejer pro
esses with attra
tantsConvergen
e theoryAttra
tants
De�nition. Point-to-set mapping G : V → 2E is 
allled a lo
allystrong attra
tant ( of some Z ⊂ V ) if for any x ′ ∈ V \ Z there isa neighborhood of zero U su
h that g(z − x) ≥ δ > 0 for all
z ∈ Z , x ∈ x ′ + U, g ∈ Φ(x) and some δ > 0.
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esses with arbitrary perturbationsFejer pro
esses with attra
tantsConvergen
e theoryFejer pro
esses with attra
tantsStationary:
xk+1 = F (xk + λkgk), gk ∈ G (xk). (4)Nonstationary:
xk+1 = Fk(xk + λkgk), gk ∈ G (xk). (5)It follows from above that (4) as well as (5) 
onverge to V if

λk → 0 when k → ∞.
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omputations Fejer pro
esses with arbitrary perturbationsFejer pro
esses with attra
tantsConvergen
e theoryConvergen
e to Z

Theorem. Let F is a lo
ally strong Fejer operator, G � lo
allystrong attra
tant Z ⊂ V , upper semi
ontinuous on some open
Ṽ ⊃ V and sequen
e {xk}, obtained by

xk+1 = F (xk + λkgk), gk ∈ G (xk), (6)where initial state x0 arbitrary, λk → +0,
∑

λk = ∞. If {xk}bounded then any limit point {xk} belongs to Z .
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tive operators

x

VF (x)

x

V

F (x)
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essesDe
omposition and parallel 
omputations Sequential proje
tionSequential proje
tionLet
V = ∩

τ∈TVτ ,

Vτ , τ ∈ T � 
onvex 
losed subsets of E .Theorem. Let V � 
losed bounded set, whi
h 
an be representedas an interse
tion of a �nite family of 
onvex sets V = ∩
τ∈TVτand denote as Πτ (x) = xτ the orthogonal proje
tion of x onto Vτ .If x /∈ V

τ
′ for some τ ′ ∈ T , then the operator F = Π

τ
′ is lo
allystrong Fejer at x .
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MotivationsFejer pro
essesDe
omposition and parallel 
omputations Sequential proje
tionSequential proje
tion gradient methodThe problem:
min
x∈V

f (x),V = ∩N

i=1Vi .Sequential proje
tion gradient method:
xk+1 = Fk(xk − λkgk), gk ∈ ∂f (xk)ãäå Fk(x) = Πik
(x), à ik òàêîãî, ÷òî xk /∈ Vik

.General theory asks for
λk → +0,

∞∑

i=1

λk = ∞.Can we do better ? Nurminski Perturbed Fejer pro
esses



MotivationsFejer pro
essesDe
omposition and parallel 
omputations Sequential proje
tionEnvelope stepsize 
ontrol (ESC)Algorithm model:
xk+1 = xk − λkdk , dk ∈ D(xk),

D(x) � us
 set-valued mapping. Let D(p, q) = 
o {d t , p < t ≤ q}.Given
0 < θm → +0,m = 0, 1, . . . and q ∈ (0, 1)de�ne {km} and stepsizes {λk} as follows:Set k0 = 0 and pi
k up initial λ0 > 0.For given m and km determine km+1 as the index whi
hsatis�es 
onditions

0 /∈ D(km, s) + θmB , km ≤ s < km+1,

0 ∈ D(km, km+1) + θmBwith λk = λkm
. Set λkm+1

= qλkm
.Nurminski Perturbed Fejer pro
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tionAnother very simple COP � ESC stepsize
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essesDe
omposition and parallel 
omputations Sequential proje
tionSummaryDiminishing additive disturban
es in arguments of Fejeroperators does not prevent 
onvergen
e of lo
ally strong Fejerpro
esses.Using attra
tants one 
an dire
t Fejer pro
esses to a spe
i�
part of attra
ting set.Sequential and simultenious proje
tions are Fejer and 
an beused to de
ompose/parallelize proje
tive optimizationalgorithms.It looks like that it is possible to have linear-like 
onvergen
e,but to prove it we need better 
onvergen
e theory.Nurminski Perturbed Fejer pro
esses
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