This article was downloaded by: [Univ Studi Della Calabria]

On: 28 February 2015, At: 06:29

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Optimization: A Journal of
Mathematical Programming and

ﬂlﬂﬂllﬂﬂ'll Operations Research

Publication details, including instructions for authors and
TR TR TR subscription information:
TR W http://www.tandfonline.com/loi/gopt20

A splitting bundle approach for non-

smooth non-convex minimization

A. Fuduli®, M. Gaudioso® & E.A. Nurminski®

- % Dipartimento di Matematica e Informatica, Universita della
Calabria, Rende, Italy.

b Dipartimento di Ingegneria Informatica, Modellistica, Elettronica
CrossMark e Sistemistica - DIMES, Universita della Calabria, Rende, Italy.
; ¢ Far Eastern Federal University and Institute for Automation and
Click for updates Control Problems Far Eastern Branch of Russian AS, Vladivostok,

Russia.
Published online: 30 Sep 2013.

To cite this article: A. Fuduli, M. Gaudioso & E.A. Nurminski (2015) A splitting bundle approach for
non-smooth non-convex minimization, Optimization: A Journal of Mathematical Programming and
Operations Research, 64:5, 1131-1151, DOI: 10.1080/02331934.2013.840625

To link to this article: http://dx.doi.org/10.1080/02331934.2013.840625

PLEASE SCROLL DOWN FOR ARTICLE

Taylor & Francis makes every effort to ensure the accuracy of all the information (the
“Content”) contained in the publications on our platform. However, Taylor & Francis,
our agents, and our licensors make no representations or warranties whatsoever as to
the accuracy, completeness, or suitability for any purpose of the Content. Any opinions
and views expressed in this publication are the opinions and views of the authors,

and are not the views of or endorsed by Taylor & Francis. The accuracy of the Content
should not be relied upon and should be independently verified with primary sources
of information. Taylor and Francis shall not be liable for any losses, actions, claims,
proceedings, demands, costs, expenses, damages, and other liabilities whatsoever or
howsoever caused arising directly or indirectly in connection with, in relation to or arising
out of the use of the Content.

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden. Terms &



http://crossmark.crossref.org/dialog/?doi=10.1080/02331934.2013.840625&domain=pdf&date_stamp=2013-09-30
http://www.tandfonline.com/loi/gopt20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/02331934.2013.840625
http://dx.doi.org/10.1080/02331934.2013.840625

Downloaded by [Univ Studi Della Calabria] at 06:29 28 February 2015

Conditions of access and use can be found at http://www.tandfonline.com/page/terms-
and-conditions



http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [Univ Studi Della Calabria] at 06:29 28 February 2015

Optimization, 2015 e Taylor & Francis
Vol. 64, No. 5, 1131-1151, http://dx.doi.org/10.1080/02331934.2013.840625 Teylr FrancsGroup

A splitting bundle approach for non-smooth non-convex minimization

A. Fuduli®, M. Gaudioso®* and E.A. Nurminski¢

4 Dipartimento di Matematica e Informatica, Universita della Calabria, Rende, Italy;
b Dipartimento di Ingegneria Informatica, Modellistica, Elettronica e Sistemistica — DIMES,
Universita della Calabria, Rende, Italy, € Far Eastern Federal University and Institute for
Automation and Control Problems Far Eastern Branch of Russian AS, Vladivostok, Russia

(Received 10 March 2013; accepted 11 August 2013)

We present a bundle-type method for minimizing non-convex non-smooth func-
tions. Our approach is based on the partition of the bundle into two sets, taking
into account the local convex or concave behaviour of the objective function.
Termination at a point satisfying an approximate stationarity condition is proved
and numerical results are provided.
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1. Introduction

We tackle the following unconstrained minimization problem:
min f(x),
min f(x)

where f : R" — R is a possibly non-convex and not necessarily differentiable function.

In many practical applications, one is faced with the need of solving problems which are
at the same time non-convex and non-smooth. Among the others, we cite here some recent
applications in Machine Learning [1-6] where both non-smoothness [7] and non-convexity
[8] enter into the play.

The literature on treatment of non-differentiability in convex and non-convex cases is
extremely rich (see [9]). Some sample papers in the convex case are [10-19]. Moreover
in [20-23] several techniques allowing inexact calculation of the objective function are
introduced.

In the non-convex setting, many algorithms can be considered as the natural evolution of
bundle-type methods [24,25] originally devised for dealing with convex minimization.[26]
We recall here [27-33]. Different approaches are based on appropriate extensions of algo-
rithms working for smooth problems. We cite [34,35], which modify the Newton or Quasi-
Newton method to cope with non-smoothness. Gradient sampling and discrete gradient
techniques have been fruitfully adopted in [36-39] and [40,41], respectively. Finally in
[42,43] the authors present some techniques for the minimization of non-convex maximum
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eigenvalue functions and for non-smooth functions which are infinite maxima of eigenvalue
functions.

The approach presented in this paper belongs to the bundle class and it is based on the
construction of a piecewise affine model of the objective function. It is related to [44—46].
In particular, it shares with [45] the basic idea of partitioning the bundle of information
into two subsets aimed at capturing, respectively, a kind of convex and concave behaviour
around the current point in the iterative descent procedure.

The basic difference with respect to [45] is in use of the partitioned bundle in the
construction of the objective function model: in fact in [45] the bundle splitting is embedded
in a kind of implicit trust region fashion, whereas in this paper a penalty function approach
is adopted.

The paper is organized as follows. In Section 2, we introduce our approach at the basis
of the bundle penalty method, which is described in Section 3 and whose convergence to
stationary points is proved in Section 4. The quadratic subprogramme, which is to be solved
at each iteration, is discussed in Section 5. Finally, in Section 6, some numerical results are
presented.

Throughout the paper, we denote by x” y the inner product of the vectors x and y.

2. The basic approach

We assume that f is locally Lipschitz, i.e. it is Lipschitz on every bounded set. Then, given
a point x, the generalized gradient (or Clarke’s gradient or subdifferential) is defined as
follows:

af (x) = conv{glg e R", V f(xx) = g, xk = x,xx & Qr}

where Q2 is the set (of zero measure) where f is not differentiable. An extension of the
generalized gradient is the Goldstein e-subdifferential 3€G f(x) defined as

37 f (x) = conv{df (Illy — x|| < €}

We assume also that, at any point x, we are able to compute both the objective function
value and a subgradient g € df(x), i.e. an element of the generalized gradient.

Now we introduce our approach, recalling the basic bundle splitting idea of [45]. We
denote by x; the so-called ‘stability centre’, corresponding to the current estimate of a
minimum in an iterative procedure, and by g; any subgradient of f at x;. At each iteration,
the bundle of available information is the set

B £ ((xi. f(x0). gir i ap)li € 1)

where x; , i € I, are the iterates generated at the previous iterations, g; is a subgradient of
S at x;, a; is the linearization error between the actual value of the objective function at x ;
and the linear expansion generated at x; and evaluated at x;, i.e.

@ 2 fx) — fo) — gl (xj — xi). @.1)
and
A
ai = |lx; — x|

It is worth noting that, in the non-convex case, «; may be negative, since the first order
expansion at any point does not necessarily support from below the epigraph of the function.
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As in [45], we partition the set I into two sets /1 and /_ defined as follows

I 2 {ile; =0} 12 {ija; <0). 2.2)

The partition of / induces the partition of B according to the index sets /4 and /_. The
related points x; can be interpreted as points exhibiting, respectively, a kind of ‘convex
behaviour’ and ‘concave behaviour’ relatively to x ;. We observe that /1 is never empty as
at least the element (x;, f(x;), g;, 0, 0) belongs to the bundle.

We define the following piecewise affine functions:

Frin 2 max(f (xi) + g/ (x = x7)) 2.3)
1€l

and

f-(x) = max {0, max(f (xi) + g/ (x - x»]} . 2.4)
el

Indicating by d the ‘displacement’ from x;, i.e. d 2o X, taking into account (2.1)
and neglecting the constant term f(x;), from (2.3) and (2.4) we obtain, respectively, the
following piecewise affine functions:

AL (d) £ max {gde — ai}
iely

and
A_(d) = max {0, I_I’IEIIX [gde — ai]} .
JASY .
Then in order to compute a tentative displacement we solve the following problem:
mdin h(d), 2.5)

with
1
h(d) 2 ledll2 + A (d)+uA_(d), (2.6)

where y > 0 is the classic proximity parameter for bundle methods, u# can be interpreted
as a positive penalty parameter and || - || is the Euclidean norm.

Note that function A corresponds to the classic ‘cutting plane function’, which is at
the basis of the well-known cutting plane method.[47,48] At d = 0, while A interpolates
the difference function f(x; +d)— f(x;) (since the index j belongsto I anditisa; = 0),
function A _ is strictly positive around d = 0, provided /_ is non-empty. Then the effect of
adding A_ in the objective function % of problem (2.5) is to penalize the choice of ‘small’
displacements with respect to the current stability centre. Note also that 4 is strictly convex
and admits unique minimum.

Problem (2.5) can be rewritten in the form of a quadratic programme as follows:

min ¢q(d, v, z)
d,v,z

v>gld—o;, iel 2.7
z>gld—ai, i€l
z>0,
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where

A1
q(d,v,2) = —|ld|I* + v + uz.
2y

The dual of programme (2.7) is

. 14 2 T T
min —GLA+ G A
i 2|| A+ Gopll" ol +alp

(2.8)
efa=1
eTpL <u

where G and G_ are matrices whose columns are, respectively, the vectors g;, i € I,
and g;,i € I_. The symbol e indicates a vector of ones of appropriate dimension. The terms
oj, i € I1 and oj, i € I_, are grouped into the vectors o4 and o, respectively.

The optimal primal solution (dy ., vyu, Zyu) is related to the optimal dual solution
(Ayu> tyu) by the following formulae:

dyu =V (G+)¥yu + G—Myu) (2.9a)

1 2 T T
Vyy + UZyy = _;”dyu I~ = A Ay — O Uyy. (2.9b)

3. The algorithm

Our method is based on repeatedly solving problem (2.5). As in [45], by ‘main iteration’
we intend the set of steps where the stability centre remains unchanged. From the ‘main
iteration’, two exits may occur:

(i) termination, due to the satisfaction of an approximate stationarity condition;
(i1) update of the stability centre, if sufficient decrease in the objective function is
achieved.

The initialization of the algorithm requires a starting point xo € R” and the initial
stability centre y coincides with xp. The initial bundle is made up by just one element
(v, f(¥), gy, 0,0), where g, € df(y), so that /_ is the empty set, while I, is a singleton.
The following global parameters are to be set:

the stationarity tolerance 6 > 0 and the proximity measure € > 0;
the descent parameter m € (0, 1) and the cut parameter p € (m, 1);
the increase parameter R > 1;

the decrease parameter r € (0, 1);

the threshold > 0 on the expected reduction;

the threshold B > 0 on the linearization errors;

the penalty parameter # > 0 on function A_.

A short description of the algorithm is the following:
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ALGORITHMIC SCHEME

(1) Initialization.
(2) ‘Main iteration’.
(3) Updating of the bundle of information w.r.t. the new stability centre.

In the sequel, we describe in detail the ‘main iteration’ without indexing it for sake of
notational simplicity.

We remark that in general the ‘main iteration’ maintains the (updated) bundle of infor-
mation from previous iterations. Updating the bundle is necessary since the quantities ¢;
and ag; are dependent on the stability centre.

ALcoriTHM 3.1 (Main Iteration)

(0) Ifllgyll < 6 then STOP (stationarity achieved), else set

4B+ dllgy 2 — 2pu
Y = s
2llgyl?
Ymin =1V,  Ymax := RVmin, and 0 :=rypind.

Select y € [Ymin, Ymax]-
(1)  Solve program (2.5), obtain d,,,, and compute

T
Vyy = Mmax {gi dyy — ai} .
l€1+

If lldyy || < 0 then go to 3, else if v, < —n or I_ = then go to 4.
(2) Selectanindexi € I_, set I_ :=1_\{i}and goto 1.

(3) Set
I+:=I+\{i€[+|ai > €}
and
I_:=0.
Calculate g* such that
lg*ll = min lgll-

geconv{g;liely}

If | g*|l < 8 then STOP (approximate stationarity achieved), else Vimax ‘= Vmax —
7 (Ymax — Vmin) and go to 1.
4) Setx:=y+dy If
Fx) = f(y) +muyy 3.1

then set the new stability centre y := x and EXIT from the main iteration.
(5) Calculate g € 0f (x) and set

o i=max{—B, f(y) — f(x) + g" dyu}.

(@) Ifa <Oand||dyy|l > € then insert the element (x, f(x), g, o, ||dyyll) into
the bundle for an appropriate value of i € I_ andsety =y —r(Y — Vimin)-
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(b) Else, ingdW > pvyy theninsertthe element (x, f(x), g, max(0, a), ||dyy||)
into the bundle for an appropriate value of i € 1.

(¢c) Elsefindascalart € (0, 1) such that a subgradient g; € df (y +td,,) sat-
isfies the condition gtTdW > pvy, and insert the element (y +tdy,, f(y+
tdyu), &, max(0, oy), tl|dyyll) into the bundle for an appropriate value of
i €1y, wherea, = f(y) — f(y +tdyy) +tgldyy.

6) Gotol.

4. Convergence

In this section, we prove the finite termination of the overall method, under the following
assumptions:

Al f is weakly semismooth;
A2 theset Fop = {x € R" | f(x) < f(xp)}is compact, with Lipschitz constant equal
to Lg.

Although Algorithm 3.1 is explicitly based on repeatedly solving problem (2.5), we show
the convergence by referring to iterative solutions of programme (2.7), which is equivalent
to (2.5). Throughout the section we indicate by (dyy, Vyu, zZyu) and (dyy, vy,) the optimal
solutions of programme (2.7), when I_ # (J and I_ = {, respectively. The corresponding
optimal function value, for fixed positive values of y and u, is indicated by ¢, .

Lemma 4.1  Forall y and u, it holds

Idyull </ ligyl?y? +2Buy  ifI_ #0 (4.1)
and

ldyull < ligylly — if I-=90. (4.2)

Proof  Consider the case I 7# {J and let (Ayy, i4) be the optimal solution to program
(2.8). Take the feasible solution (A, 1) with z = 0 and X having all the components equal to
zero, except the one in correspondence to (y, f(¥). gy, 0, 0), which is set equal to 1. Then
we have

14 14 T - T -
SNGhyu + G_piyull® + L+l py, < SNG A+ G-l +ali 4ol f,
i.e.

14 4
NG thyu+ Gopyull® + ahyu + el iy < S gy I,

Thus, taking into account (2.9a), we obtain

1 2 _ Y 2 T
5|Idyull SE”gy” —al fyy. 4.3)

Because eT,u,,,u <uand —a_ < Be, we have:

o7 jiy < B (44)
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Combining (4.3) and (4.4), we obtain

Idyull® < llgyl?y? + 2Buy,

which completes the proof for the case I # (. The case I = {J can be easily proved in
the same way, by considering that whenever /_ = {J the variable 1, does not appear in
the formulation of problem (2.8). U

LemMa 4.2 Forallu > 0 there exists a positive value y such that for y € (0, y] it holds

”dyu” < €.

Proof For B > 0 fix

JAB22 + Allgy |22 — 2pu
2llgylI?

1>

>0

i

and observe that, from § < ||gy|| < Lo, one has that y is bounded away from zero, since it

is
- VABPu? +48%€2 —2Bu
y > 5 > 0.
2L5

The property follows by simply substituting y in (4.1) and (4.2) and taking into account
that

Buy 482 + 4lgy12€2 = 2672,
O

Remark 4.3 On the basis of Lemma 4.2, and taking into account y,,;, = ry, with r €
(0, 1), an infinite number of insertions of bundle indices into /_ cannot occur. In fact each
time such an insertion takes place, y is reduced and its updating formula ensures that, after
a finite number of updates, y becomes smaller than y and, consequently, all the newly
generated bundle indices are in /.

Lemma 4.4 Algorithm 3.1 cannot cycle infinitely many times through steps 1 and 3.

Proof Assume by contradiction that such case occurs, that is the algorithm never stops for
satisfaction of the criterion at step 3. Let us index by k € IC all the quantities referred to at
the k-th passage. We have

k
1a%) 1 < o

and
e

g™ Il > 8.

Observe that y < y,,,4, and that by construction y,,, reduces in a finite number of steps
below the threshold y. Thus, from Lemma 4.2, it follows that asymptotically ||d](,]f,) | <e,
which in turn implies that the indices of the new bundle elements are asymptotically inserted
into /4.
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Because at step 3 we set I = {J, from the above considerations and taking ir}to account
(2.9a) and the constraints in problem (2.8), it follows that there exists an index k € /C such
that for all k > k the direction d,(,li,) can be expressed in the form

k k
dyy) = —yg®,

with g® e conv{g; | i € I{P}. But since [|d\~)|| < 6 and [|g*"'|| > 8, we have
) 0
0 > 1d%)1 = yIg® = yminllg™ || > —8 == >0,
ré r
reaching a contradiction. O

Lemma 4.5 Forall y and u it holds:

—yligyl® < qpu <up  ifI-#9
vl < g <0 ifl-=0.

ligyll/llgyl2y* + 2Buy
- .

®

(“) 0 < Zyu < ﬁ +
Proof

(i) The triplet (d, v,Z) = (0,0, 8) and the couple (d, 7)) = (0,0) are feasible for
programme (2.7), respectively, in the two cases /- # § and I = ¢. The corre-
sponding objective function values are g(d, ¥, Z) = up and ¢(d, v) = 0.

As for the lower bounds, note that, because the index corresponding to the bundle
element (y, f(y), gy, 0, 0) belongs to I, g is minorized by the strictly convex
function

n A1
4(d) = 2—||az||2 +¢ld,
) :

and the thesis follows taking into account that the minimal function value of g is

—vlgyl*
(i) From g,, < up, from definition of v and taking into account that the element
(v, f(¥), gy, 0,0) belongs to I, we have

1
Uzyy < uf — 5”%”2 — vy < UB — vy

<uB + llgyllldyull < up +ligylly/ gy I*y* + 2Buy,

where the last inequality descends from Lemma 4.1. [l

Lemma 4.6  Every time step 4 is entered we have

92
Vyy| > min{in, — ¢ .
| yu| = {7) 2)/}
Proof At step 4, one arrives when ||dy, || > 6 and either v,, < —n or I_ = {. The
property is obviously true in case vy, < —n.If I_ =, we have ¢,,, < 0 and v,, < 0.
Thus, from the definition of g,,, we obtain:
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1 1
yul = —lldyull* > —62.
2y 2y

(|
Remark 4.7 Consequence of Lemma 4.6 is that all times condition (3.1) is tested, vy,
is bounded away from zero. In fact & depends on y,,;,, while y belongs to the interval

[Vmins Ymax]- Parameters y,,i, and Y4, depend in turn on y, which is bounded away from
zero (see Lemma 4.2).

LEmMa 4.8 Let i(d}(,l;), v)(,ku) » Zyu )) } be a subsequence generated within a single ‘main

f (y +d§’§)) f) > mul)

with the algorithm looping from step 1 to step 4. Then the following hold:

iteration’ such that

and

(i) step 5(c) of the algorithm is well posed, i.e. there exist two nonnegative scalars t(k)

and t(k) 0< t(k) < ték) < 1, such that for any t € [t(k) k)] the condition
g(t)Td(k) > pv(k)
is satisfied for every g(t) € of (y + td(k))
(i) whenever a new bundle index is inserted into 1 the condition

T 4(k k
da = ooy

holds, where gy is the subgradient corresponding to the new bundle element.
Proof

(i) See proof of Lemma 4.1(ii) in [45]. Observe that at step 4 we arrive when v, < 0.
(ii) See proof of Lemma 4.1(iii) in [45]. ]

Remark 4.9 Property (i) of the above lemma guarantees well-posedness of step 5(c) in
the sense that, letting €; be the length of the interval [t(k) ék) ], there exists a sufficiently

large integer m (say m > ezk) such that an interval of length is contained in [t(k) (k)]
Consequently, sampling on all such intervals allows implementatlon of the step.

The proof of the following properties proceeds along guidelines which are similar to
[45]. We report them for sake of completeness.

LemMma 4.10 Algorithm 3.1 cannot cycle infinitely many times through steps 1 and 4.

Proof We need to show that it is impossible to have infinitely many times ||d,,, || > ¢ and
the descent condition (3.1) not satisfied.



Downloaded by [Univ Studi Della Calabria] at 06:29 28 February 2015

1140 A. Fuduli et al.

Indexing by k € K the k-th passage through steps 1 and 4, we observe that, by Remark
4.3, there exists an index k such that for every k > k the index of each new bundle element
is put in [ with y and /_ remaining unchanged.

Under such condition, for k > k the sequence {q( ) } is monotonically non-decreasing,
and, by Lemma 4.5, is bounded and hence it is convergent.

By Lemmas 4.1 and 4.5, respectively, the sequences {d,, (k)} and {z(k) } are bounded and

admit a convergent subsequence, say {d}(f;)} kex’ck and {zj(,ku tkekrcic, respectively.
The above considerations imply that also the sequence {v)(,ku)}ke Kcrcic 1s convergent to

a limit, say . Now let i and j be two successive indices in K’ and ¢; 2 max{0, «; }, with
o = max{—B. f(y) — f(y +d)) + gl d\i)} and g; € 3f (y +d}1). We have

vl = el dyl — &, 4.5)

FOo+dl) = f(y) > mol)

and, by Lemma 4.8,
gl dl) = pvl).
We note that
gl dl) — & = pvll). (4.6)
This inequality is trivially verified if ¢; = 0, and this occurs whenever it is ¢; < 0. Only
the case o; > 0 is to be considered, thatis o; = f(y) — f(y + d](,lg) + gde}(,i,z > 0. In fact,
taking into account that p > m, it holds

gl diy—a =1 (v+af) = £) > mvl) > pof),.
Combining (4.5) and (4.6) we obtain
vyl — ool > gf (dﬁju) - d,(fﬁ)

and passing to the limit

(1 —=p)v=>0. 4.7
If I_ # ¢, inequality (4.7) is a contradiction because v < —n. Incase I- = ¥, v < 0 and
inequality (4.7) implies v = 0, which contradicts Lemma 4.6. U

From Lemmas 4.4 and 4.10, the following theorem descends.
THeEOREM 4.11 The ‘main iteration’ ferminates after a finite number of steps.

THEOREM 4.12  Foranye > 0and§ > 0, the algorithm stops in a finite number of ‘main
iterations’ at a point satisfying the approximate stationarity condition

lg*|l < Swith g* € 3F £ (). 4.38)
Proof The approximate stationarity condition (4.8) is exactly the stopping condition tested

at step 3 of the ‘main iteration’. Now suppose that it is not verified for an infinite number
of ‘main iteration’ executions. From Theorem 4.11, it follows that infinitely many times the
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descent condition is satisfied. Let y® be the stability centre at k-th passage through ‘main
: P (k) (k)
iteration’; then ||d,; | > 0%,

k1 k k
SO < OO +moly)

and L
FOED) = ro My =m Yy ol
i=0
By Remark 4.7, v)(,',i is bounded away from zero. Therefore, by passing to the limit we

obtain
klim FOED) — @) < —00
—00

which is a contradiction, since f is bounded from below as a consequence of assumptions
Aland A2. O

5. Computing the search direction

In this section, we focus on solving problem (2.5). We will show that such a problem reduces
to finding a minimum norm vector inside a set given by the sum of polyhedra.
We use the following notation. Given a set A, we indicate by o4 the support function

of A,i.e.
A T
os(x) = maxa’ x
acA

and by Nr(A) the minimum norm vector in A. Moreover conv(A) and Co(A) denote,
respectively, the convex and the conic hulls of A.
Solving problem (2.5) is equivalent to

nbin h(d), (5.1
where

- 1
h(d) E —||d||2 + y max [gde — a,-] + y_ max {O, max[gde — ai]} s (5.2)
2 iely iel_

. A .= .
with y_ = uy > 0. Function & can be put in the form

- 1 5
i) = S1dIP +y max 3 biGsld —ap) +y-max 3 ¢; (g]d —aj).

iely jel_
where
Sy =3beRMY " hi=1, bi>0iel,
i€I+
and
S_-=ceRHY <1, g=0iel
iel_
Letting

S| d - | &
d—[1i| and g,_[_aii|
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and indicating by G 2 conv{g;,i € I,} and G_ 2 conv{0, g;,i € I_}, function A
becomes:

- L -5 1 T T

hd) = Z1dIP =5 +ymax ) bigld+y-max ) cigld

iely iel_

11 : ]

= 5lldlI” = 5 +0,6,(d) + 0, _(d)
1 -, 1 _

=5 1dI" =5+ 04,6, 4y-6) @)

Thus problem (2.7) reduces to the following:

1 B 1
5 tmin 21412 + 04,6, 1, 6@

- (5.3)
ele =1,
whose Lagrangean dual is the one-dimensional problem
1 .
—5 —min{p + ¢(p)}, (5.4)
2 p
where p is the dual variable corresponding to the constraint e,{ HJ = land
A N 2 3
¢(p)=— Hbm EHd” + G(VG++y7(7}7+pe,,+|)(d).
It can be shown that
1 - -
() = 5INt(yGy + -G+ pear)|I*. (5.5)

Note that the evaluation of the objective function ¢ of the univariate optimization
problem (5.4) requires to solve a projection problem of the type (5.5). Note also that function
¢ is differentiable and, once ¢ (p) has been computed for a certain value of p, its derivative
corresponds to the last component of the vector Nr(y G4 + y-G_ + pe,1). Similar
problems have been treated in many papers. See [49-52].

Finally we remark that, in case y_ is sufficiently large, the set y_ G _ can be replaced
by the cone K_ = Co{g;,i € I_} and ¢ (p) simplifies to

Al -
¢k (p) = ZINr(y Gy + K + pent)II”.

6. Numerical results

The algorithm described in Section 3 is not implementable as it requires, in principle,
unbounded storage. A common way to overcome such difficulty is to introduce a subgradient
aggregation technique (see [26,53]).

We proceed along the guidelines of [45]. In particular, let (c?y ws Vyus Zyu) and ():V ws fyu)
be the optimal solutions of programmes (2.7) and (2.8), respectively, in correspondence to
fixed values of y and u. The aggregation is based on the following definitions:

A 2 A T2
8ap = G+)"V“’ Yay = a-l—)LVM
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Table 1. L. LukSan and J. VI¢ek test problems.

# Problem n f*
1 Rosenbrock 2 0
2 Crescent 2 0
3 CB2 2 1.9522245
4 CB3 2 2
5 DEM 2 -3
6 QL 2 7.2
7 LQ 2 —1.4142136
8 Mifflinl 2 -1
9 Mifflin2 2 -1
10 Rosen-Suzuki 4 —44
11 Shor 5 22.600162
12 Maxquad 10 —0.8414083
13 Maxq 20 0
14 Maxl 20 0
15 Goffin 50 0
16 El-Attar 6 0.5598131
17 Wolfe 2 —8
18 MXHILB 50 0
19 L1HILB 50 0
20* Colvillel 5 —32.348679
21 Gill 10 9.7857721
22% TR48 48 —638565
23 Shell Dual 15 32.348679
24 Steiner2 12 16.703838
and, in case I # 0,
A T A
ga é G—Myu . é aflu#yu'
u u
The aggregate problem
min ¢g(d, v, 2)
d,v,z
v > gaT+d — 0,
vzgl.Td—oti, i€l
6.1)

z= gZ_d - aa+

z>gld—w;, iel,

z>0,

has the same optimal solution (3W, ﬁyu, Eyu) as problem (2.7), where I,, and [, are
arbitrary subsets of 7, and /_, respectively.



Downloaded by [Univ Studi Della Calabria] at 06:29 28 February 2015

1144 A. Fuduli et al.

Table 2. L. Luksan and J. VI¢ek test problems: computational results.

NCVX Ncvxpenalty (j0—6) Ncvxpenalty (1o=2)
Problem Ny f Ny secs f N¢ secs f
Rosenbrock 70 S5.009E—07 72 198 1338E—06 68  0.65 1.584E—05
Crescent 22 8.02E-06 27 073 7550E—06 19 027 2.046E—05
CB2 18 1.9522245 20 0.58 19522246 19 021 1.9522249
CB3 15 2.0000001 19 0.64 2.0000000 19 026 2
DEM 21 —2.9999999 10 036 —3.0000000 15 026 —2.9999998
QL 28 7.2000005 21 0.62  7.2000001 21 049  7.2000001
LQ 9 —1.4142135 8§ 021 —1.4142136 9 015 —1.4142136
Mifflin1 93 —0.9999822 99  3.96 —0.9999839 104 0.7 —0.99995667
Mifflin2 13 —1.0000000 10 028 —0.9999999 12 0.24 —1.000000
Rosen 29 —44.0000000 36  1.49 —44.0000000 46  0.44 —43.999998
Shor 44 22.600162 48 1.83  22.600212 55 0.53  22.600163
Maxquad 56 —0.8414078 61  4.85 —0.8414077 65  0.82 —0.84140645
Maxq 203 1.660E—07 324  11.84 2768E—05 303  5.58 1.174E—05
Maxl 44 1.110E—15 22 1.02 3.400E—07 43 09  6.392E—07
Goffin 148 1.142E—13 57 7177 6.056E—8 59 3438 3.452E—07
El-Attar 152 05598163 287 875 0.55981572 166  1.63 0.55981541
Wolfe 21 —7.9999998 26  1.07 —7.9999999 27  0.42 —8.0000000

MXHILB 33 1.768E—07 13 1.27 2.936E — 07 14 0.84 2.170E — 07
LIHILB 104  6.978E—-07 33 9.04 8.468E—07 28 222 7.523E —07

Colvillel* 47 —32.348679 51 1.43  -32.348678 73 0.56  —32.34866

Gill 164 9.7857746 253 32.05 9.7860516 169 1.39  9.7860738
TR48* 353 —638565 388 1340.7 —638565 397 1546.4 —638565
Shell Dual 1497  32.349404 1500 393.76  32.41996 1500  55.08  32.37687
Steiner2 196  16.703838 173 18.69  16.703839 171 2.7 16.703874

Note that monotonicity of the sequence {q,(,];)}, necessary in the proof of Lemma 4.10,
is guaranteed by the aggregation.

The algorithm, encompassing the aggregation scheme, has been implemented in double
precision C++ under a Linux Ubuntu system.

The code, called NCVXPenalty ha¢ been tested on two sets of functions. The first
set, listed in Table 1 (see LukSan and VI&ek [54]), is constituted by 24 problems available
on the web at the URL http://www.cs.cas.cz/ "~ luksan/test.html. All test problems, except
Rosenbrock, are non-smooth. We did not include function HS78 (reported in [54]), because
it is unbounded from below and then does not satisfy assumption A2.

The second set, known as ‘Ferrier polynomials’,[29,55] is constituted by the following
five test functions:

O]

i=1

HOED NNk

i=1
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RedistProx Ncvxpenalty (1o—6) NCvxpenalty (10-2)
k n Ny f Ny secs f Ny secs f
11 2 0.000000 8 027  0.000000 8 0.16  0.000000
21 2 0.000000 1 0.00  0.000000 1 0.00  0.000000
3001 2 0.000000 8 028  0.000000 8 0.8  0.000000
4 1 5 0500000 12 042  0.500000 12 0.3  0.500000
51 10 0000943 10 026  0.500000 10 0.15  0.500000
1 2 12 0086533 22 057 2.758E—07 23 038 1.251E—06
2 2 16 0.000005 35 0.89 1.296E—06 35 032  9.789E—07
302 14 0.000000 8§ 027 1.621E-05 8§ 0.6 1.621E-05
4 2 10 0036623 21 047  8.920E—07 21 023  8.942E—07
5 2 16  0.000000 26 0.74 2.450E—07 300 134 3.291E—06
13 13 0000726 21 057 1.708E—08 22 031  2.284E—06
2 3 26 0.000000 17 02  1.922E—07 17 02  1.922E—07
303 14 0000467 10 044  3.704E—06 10 0.16  3.704E—06
4 3 12 0052922 30 09  4.402E—05 32 025 6.551E-07
5 3 16  0.000000 37 073  9.711E—07 29 029  4.923E—07
1 4 17 0074170 32 0.89  1292E—08 34 036 1.476E—08
2 4 18 0.000000 12 022 1919E—11 12 02  1919E—11
3 4 16 0007471 11 04  2.819E—06 11 0.19 2.819E—06
4 4 18 0025722 26 075  9.418E—07 24 032 6.072E—07
5 4 23 0019105 47 077 2272E—07 29 034  8.029E—07
15 23 0213263 35 1.09 1.313E—07 51 047  8.579E—07
2 5 49  0.000000 23 293  1.007E—08 22 316  1.642E—07
3 5 20  0.680228 300 1.73  1.190E—06 300 137 1.160E—06
4 5 3 7948708 40 1.02  3.014E—07 31 035 3.213E—07
5 5 26 0352803 36 1.05 5.708E—07 43 037  8.689E—07
1 6 33 0000436 44 1.6  7.200E—07 36 059  2.880E—07
26 35 0.00000 17 032  5.502E—07 17 021  5498E—07
36 25 0.093031 54 0.89 9.200E—07 41 034  7.789E—07
4 6 41 0022756 38 096 5.018E—08 33 031 7.836E—07
5 6 35 0113835 52 1.04  3.001E—07 32 039 8.732E—08
17 34 0146978 46 142 5.054E—07 78 0.6  1.268E—07
2 7% 48 0.000000  — - - - - -
37 30 0018131 61 0.89  7.500E—07 61 04  7.497E—07
4 7 34 0239281 39 136 2.323E-07 60 052  2.896E—08
5 7 41 0.120009 92 23 1.512E—07 81 057 1.461E—07
18 39 0379768 163 549  1.752E—07 118 105 5.685E—07
2 8 59 0074621 33 0.66  3.538E—08 33 038 3.539E-08
308 34 0067895 84 1.17  6.957E—08 84 057  6.949E—08
4 8 32 0797753 109 3.8  0.062617 70 0.64  0.0626197
5 8 38 1.077575 63 24  6331E—-07 89  0.72  7.895E—07
1 9 67 0.000001 168 8.54  4.820E—07 134 1.17  5.943E—07
29 37 0.000000 36 0.87 7.661E—09 33 038 1.801E—08
39 40 0070714 83 1.09  6.742E—07 83  0.54 6.741E—07
4 9 61  0.000584 105 545  3.080E—07 105 1.09  7.576E—07
5 9 40 0769331 160 5.83  7.533E—07 139 1.18  5.946E—07

(continued)
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Table 3. (Continued).

RedistProx Ncvxpenalty (10—6) Ncvxpenalty (10-2)

k n Ny f Ny secs f Ny secs f
10 52 0.106221 108  6.17  1.355E—-06 115 1.36  4.380E-07

[

2% 10* 36 0.000000 - - - 36 041  3.226E—08
3 10 39  0.016641 66 095 1.014E-07 66 048 1.013E-07
4 10 46 0.165442 160 8.59  4.662E—07 115 096  3.806E—07
5 10 66 0.036327 129 553  8.415E-07 141 1.5 8.410E—-07

Table 4. Ferrier polynomials: summary of Table 3.

# wins with # solved to # solved to
respectto N s f* <1070 f* <1073
RedistProx 37 13 20
NCvxpenalty 14 42 46
A

f3(x) = max 11 (x)|

£ 2310+ 0.5]x?

i=1

f50) = 310+ 0.5]x]),

i=1

where /; is a real function of n real variables defined as follows:
A n
li(x) = (i)cl-2 —2x; — C) + ij,
j=1

with C being a fixed constant. All such test functions but f> are non-smooth; moreover if
C = 0 then
min f(x) =0, k=1,...,5.
X

The parameters have been set as follows: § = 107%, ¢ = 1072, m = 0.2, r = 0.5,
R =10%p =097 =0.18=1and u = 1073, The maximum number of function
evaluations has been fixed to 1500 for the first test set and 300 (as in [29]) for the second
one.

We stop the code also when /_ = @ and vy, < §, with § = 107°. This appears
reasonable, because 7, may contain also indices corresponding to negative linearization
errors (see Step 5 of Algorithm 3.1) relative to points close to the stability centre.

The results of our numerical experiments on the L. LukSan and J. Vi¢ek test problems
are reported in Table 2, where Ny indicates the number of function evaluations, secs is the
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RedistProx Nevxpenalty (1o—6y Ncvxpenalty (1o=2)
k n Ny f Ny secs f Ny secs f
11 2 0.000000 8 027  0.000000 8 016  0.000000
21 2 0.000000 1 000  0.000000 1 000  0.000000
3] 2 0.000000 8 028  0.000000 8 018  0.000000
4 1 28 0.000000 12 0.42  0.500000 12 0.3 0.500000
5 1 13 0.000000 10 026  0.500000 10 0.15  0.500000
1 2 301 0000031 22 057  2.758E—07 23 038  1.251E—06
2 2 22 0.000001 35 0.89  1.296E—06 35 032 9.789E—07
302 14 0.000000 8 027  1.621E—05 8 0.6  1621E—05
4 2 301 0000188 21 047  8.920E—07 21 023  8.942E—07
5 2 16  0.000000 26 074  2450E—07 300 1.34  3.291E—06
1 3 19 0000000 21 057  1.708E—08 22 031  2.284E—06
2 3 26 0.000000 17 0.2 1.922E—07 17 02 1.922E—07
33 86 0.00000 10 044  3.704E—06 10 0.16  3.704E—06
4 3 67  0.000001 30 0.9 4.402E—05 32 025  6.551E—07
5 3 16  0.000000 37 073  9.711E—07 29 029  4.923E—07
1 4 26 0.000000 32 0.89  1.292E—08 34 036  1.476E—08
2 4 18 0.000000 12 022  1919E—I11 12 02 1.919E—11
3 4 34 0000002 11 0.4 2.819E—06 11 019  2.819E—06
4 4 301 0000005 26 075  9.418E—07 24 032  6.072E—07
5 4 301 0010121 47 077  2272E—07 29 034  8.029E-07
1 5 149 0000001 35 1.09  1.313E—07 51 047  8.579E—07
2 5 49 0.000000 23 293  1.007E—08 22 3.6  1.642E—07
35 261  0.000000 300 173  LI9E—06 300 137  1.160E—06
4 5 186 0.000036 40 1.02  3.014E—07 31 035  3.213E-07
5 s 91  0.002217 36 105  5.708E—07 43 037  8.689E—07
16 41 0.000000 44 1.6 7.200E—07 36 059  2.880E—07
26 35 0000000 17 032  5.502E—07 17 021  5.498E—07
36 97 0.001095 54 0.89  9.200E—07 41 034  7.789E—07
4 6 60  0.000000 38 096  5.018E—08 33 031  7.836E—07
5 6 301 0015945 52 1.04  3.001E—07 32 039  8.732E—08
1 7 301 0000941 46 142  5.054E—07 78 0.6 1.268E—07
27 48 0.000000 - - - - - -
37 38 0000017 61 0.89  7.500E—07 61 0.4 7.497E—07
4 7 100 0008193 39 136  2.323E-07 60 052  2.896E—08
5 7 67 0018334 92 23 1.512E—07 81 057  L461E—07
1 8 301 0000008 163 549  1752E—07 118 105  5.685E—07
2 8 168 0.000000 33 0.66  3.538E—08 33 038  3.539E—08
38 301 0000024 84 1.17  6957E—08 84 057  6.949E—08
4 8 301 0.000021 109 3.8  0.062617 70 0.64  0.0626197
5 8 301 0000534 63 24 6.331E—07 89 072 7.895E—07
19 67 0.000001 168 854  4.820E—07 134 1.17  5943E—07
29 37 0000000 36 087  7.661E—09 33 038  1.801E—08
3 9 193 0000010 83 1.09  6.742E—07 83 054  6.741E—07
4 9 150 0.000000 105 545  3.080E—07 105 1.09  7.576E—07
5 9 117 0002150 160 5.83  7.533E—07 139 1.18  5.946E—07

(continued)
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Table 5. (Continued).

RedistProx NCvxpenalty (10—6) Ncvxpenalty (10=2)
k n Ny f Ny secs f Ny secs f
110 85 0000010 108 6.17  1355E—06 115 136  4.389E—07

e}

*o10* 36 0.000000 - - - 36 041 3.226E—-08
10 154 0.002658 66  0.95 1.014E—-07 66  0.48 1.013E—07
10 67  0.002794 160  8.59 4.662E—07 115 0.96 3.806E—-07
10 155 0.013286 129  5.53 8.415E-07 141 1.5 8.410E-07

W W

Table 6. Ferrier polynomials: summary of Table 5.

# wins with # solved to # solved to

respect to N7 f* <1070 f* <1073
RedistProx 17 22 40
NCvxpenalty 34 42 46

CPU time expressed in seconds and f indicates the function value reached by the algorithm
when it stops. To compute the search direction, instead of solving directly problem (2.7) or
(2.8), we solve problem (5.4) by means of a bisection technique. To evaluate function ¢,
we use the QP subroutine provided by the IBM ILOG CPLEX package (version 12.1).

Note that in our approach inexact solution of problem (5.4) is allowed. In fact all we need,
at each iteration, is a primal feasible solution (c? ,V,Z7) or (cf , v) satisfying the conditions
dictated by Lemma 4.1, Lemma 4.5 and such that v < 0, whenever I_ = (. Then, in order
to evaluate the behaviour of the code in terms of CPU time when problem (5.4) is solved
with different tolerances, we have considered two cases: in the first one we stop the bisection
procedure when |¢'| < 10, while in the second case when |¢’| < 1072, We compare our
results with those obtained by the NCVX code [45].

For the starred test functions Colvillel and TR48, we have adopted a different setting
of some parameters, letting 8§ = 107> for Colvillel and m = 0.8 for TR48. In Table
2, for each row the best N y-value has been underlined. The comparison with NCVX code
appears promising, because in about the half of the test functions (11 over 24), NCvxPenalty
performs better than NCVX in terms of number of function evaluations. As expected, solving
approximately the Lagrangean problem (5.4) (bisection tolerance 1072) is in general faster
than the ‘exact’ case (bisection tolerance 10~°), giving sometimes better results also in
terms of number of function evaluations.

As for the Ferrier polynomials test problems, we report our results in Tables 3 and 5 (for
n=1,...,10). We compare our method with the one described in [29], which is based on
a local convexification of the objective function. The corresponding code is RedistProx and
in [29] six different tables of results are presented, based on different combinations of the
QP solver and of the bundle management adopted.
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The comparison is made both in terms of number of function evaluations and precision.
In particular, from among the six different implementations of [29], we report in Table 3
the best results obtained by RedistProx in terms of number of function evaluations, and in
Table 5 the best results in terms of the objective function value. For each row the best results
in terms of N y—value and precision are underlined, respectively, in Tables 3 and 5.

Note that for the two starred problems (k = 2 and n = 7, 10) our code fails due to
rounding errors in solving the QP subproblem.

A summary of Tables 3 and 5 is in Tables 4 and 6, respectively. In particular here, it is
synthesized the comparison between RedistProx and the best between the two implemen-
tations of NCVXPEN2ILY  Generally speaking, RedistProx appears to work well in terms of
number of function evaluations, whereas NCVXPENaty ofers a quite reliable behaviour
both in terms of number of function evaluations and precision.
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