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ÏîñòàíîâêèÎñíîâíàÿ çàäà÷à:
min
x∈C

‖x‖2,

x ∈ En, C � çàìêíóòî, âûïóêëî.Ïðèëîæåíèÿ: îáðàáîòêà ñèãíàëîâ, ýëåêòðîííàÿ ìèêðîñêîïèÿ,êîìïüþòåðíàÿ òîìîãðà�èÿ, îïòèìèçàöèîííûå àëãîðèòìû,ïîèñê íåïîäâèæíûõ òî÷åê, çàäà÷è ðàâíîâåñèÿ, . . .Ñõåìû äåêîìïîçèöèè:
C =











o{Ci, i = 1, 2, . . .},
⋂

i=1,2,...

Ci,

Ci � �ïðîñòûå� ìíîæåñòâà.
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Îáùèå ñõåìû

Èòåðàòèâíûé ïîäõîä:
xk+1 = Akxk, Ak =

∑

i∈Nn

λk
i {(1 − αk

i )I + αk
i T k

i },

ãäå I � òîæäåñòâåííûé îïåðàòîð, T k
i � îïåðàòîð �ïðèòÿæåíèÿ�(Flam, Zowe; BIT, 1990).

3



Ñâîéñòâà îòîáðàæåíèé

� Êðåïêî íåðàñøèðÿþøèå (�rmly nonexpansive):

T =
1

2
I +

1

2
Q, ãäå Q � íåðàñøèðÿþùåå.� Ïðèòÿãèâàþùåå:

‖Tx − f‖ < ‖x − f‖ äëÿ ëþáûõ x /∈ F è f ∈ F.� α�ïðèòÿãèâàþùåå :
α‖x − Tx‖2 ≤ ‖x − f‖2 − ‖Tx − f‖2 äëÿ ëþáûõ x è f ∈ F.

Óòâåðæäåíèå. Åñëè T � êðåïêî íåðàñøèðÿþùåå è α ∈ (0, 2)òî Tα = (1 − α)I + αT � (2 − α)/α�ïðèòÿãèâàþùåå ïîîòíîøåíèþ ê ìíîæåñòâó íåïîäâèæíûõ òî÷åê T .4



Êîìïîçèöèè îòîáðàæåíèéÓòâåðæäåíèå. Ïóñòü Ti � αi�ïðèòÿãèâàþùåå,

i = 1, 2, . . . , N . Òîãäà T =
N
∏

i=1

Ti � α�ïðèòÿãèâàþùåå, ãäå

α = ( min
i=1,2...,N

αi)/2
N−1.Óòâåðæäåíèå. Ïóñòü Ti � αi�ïðèòÿãèâàþùåå,

i = 1, 2, . . . , N , λ ∈ ∆0. Òîãäà T =
N

∑

i=1

λiTi � α�ïðèòÿãèâàþùåå,ãäå α = min
i=1,2...,N

αi.Çàìå÷àíèå. Â îáåèõ ñëó÷àÿõ ðå÷ü èäåò î ïðèòÿæåíèè êìíîæåñòâó íåïîäâèæíûõ òî÷åê F(T ) îïåðàòîðà T è â îáåèõñëó÷àÿõ F(T ) =

N
⋂

i=1

F(Ti).
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Ïðîåêöèÿ íà ïîëèýäð âî âíóòðåííåìïðåäñòàâëåíèèÑòàíäàðòíûé ñèìïëåêñ:
∆ = {λ :

N
∑

i=1

λi = 1, λi ≥ 0, i = 1, 2, . . . , N}.

Ïîëèýäð C âî âíóòðåííåì ïðåäñòàâëåíèè:
C = o {ci, i = 1, 2, . . . , N} = {c =

N
∑

i=1

λic
i, λ ∈ ∆}.
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Ïðîñòåéøèå àëãîðèòìû

Èíèöèàëèçàöèÿ. x0 ∈ C � ïðîèçâîëüíî, k = 0.Èòåðàöèÿ àëãîðèòìà.
cikxk = min

i=1,2,...,N
cixk, xk+1 = γkcik + (1 − γk)xk,ãäå γk � ðåøåíèå çàäà÷è

min
γ∈[0.1]

‖γcik + (1 − γ)xk‖Óâåëè÷èâàåì ñ÷åò÷èê èòåðàöèé k → k + 1 è ò.ä.( Äåìüÿíîâ, Ìàëîçåìîâ (1974), P. Wolfe (1976) ... )
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×èñëåííûå ýêñïåðèìåíòû

(0, 0)

x0 = a1

a2

a3

x∗

x1

x2

x3

�èñ. 1: Èëëþñòðàöèÿ ðàáîòû ïðîñòåéøåãî àëãîðèòìà.
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×èñëåííûå ýêñïåðèìåíòû
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iterations�èñ. 2: Ñõîäèìîñòü ïðîñòåéøåãî àëãîðèòìà.
ǫk ≈ kb, b = −0.754085.9



Ìåòîä ïîäõîäÿùèõ à��èííûõïîäïðîñòðàíñòâÈíèöèàëèçàöèÿ àëãîðèòìà. Âûáèðàåòñÿ Hk, k = 0Îñíîâíîé öèêë àëãîðèòìà.1. Ïðîåêöèÿ íà ïîäïðîñòðàíñòâî Hk. �åøàåì çàäà÷ó

min
z∈Hk

‖z‖2 = ‖zk‖2. (1)2. Âíóòðåííèé öèêë ïîñòðîåíèÿ íîâîãî áàçèñà.Âûáåðåì ïðîèçâîëüíûé ik òàêîé, ÷òî
cikxk < ‖xk‖2, (2)ïîñòðîèì Hk+1 = a� (Hk, cik), ïîäïðàâèì, åñëè íóæíî.3. k → k + 1.Ïîäðîáíîñòè: ÆÂÌèÌÔ, 2005, ò.45, âûï. 11, ñ. 1996-2004.10



Ñâîéñòâà ìåòîäà

1. Êîíå÷íàÿ ñõîäèìîñòü.2. �ëîáàëüíî ëèíåéíàÿ ñêîðîñòü.Òåñò:

C = o {ck, k = 1, 2, . . . , N} + δenãäå ck ∈ En � ñëó÷àéíûå âåêòîðà, ñòðîÿùèåñÿ ïî ïðàâèëó

ci =







σ(ξi − 0.5), åñëè i = 1, 2, . . . , n − 1,

σ−1ξn, åñëè i = n,ñ íåçàâèñèìûìè [0, 1] ñë. âåë. σ � ïàðàìåòð ìàñøòàáèðîâàíèÿ, δ� ïàðàìåòð ñäâèãà.
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×èñëåííûå ýêñïåðèìåíòû

 1e-08

 1e-06

 1e-04

 0.01

 1

 100

 10000

 1e+06

 1e+08

 1e+10

 0  500  1000  1500  2000  2500

A
cc

ur
ac

y

Iterations

Simplex 2000x1999

1

2

3

�èñ. 3: 2000-ìåðíûé ñèìïëåêñ ñ 1999 âåðøèíàìè. Ñõîäèìîñòü ïîíîðìå. Êðèâûå 1 � σ2 = 10, 2 � σ2 = 1000, 3 � σ2 = 10000,ïàðàìåòð ñäâèãà δ = 0.001. 12



×èñëåííûå ýêñïåðèìåíòû
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�èñ. 4: 2000-ìåðíûé ñèìïëåêñ ñ 1999 âåðøèíàìè. Ñõîäèìîñòü ïîíîðìå. Ïàðàìåòð ëèíåéíîé ñêîðîñòè ñõîäèìîñòè.
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Ïðîåêöèÿ íà âíåøíå çàäàííûåïîëèýäðûÏîëèýäð C âî âíåøíåì ïðåäñòàâëåíèè
C = {x : Ax ≤ b} (3)

A � m × n ìàòðèöà, b � m-âåêòîð.

Çàäà÷à ïðîåêöèè:

min
x∈C

‖x‖2 = ‖x⋆‖2 (4)
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Ìèíèòåîðèÿ

Ëåììà 1 Ñóùåñòâóåò Γ > 0 òàêîå, ÷òî ïðè âñåõ γ ≥ Γçàäà÷è (4) è
min{

1

2
‖x‖2 + γ|Ax − b|+

∞
} (5)ãäå |Ax − b|+

∞
= max{0, max

i=1,2,...,n
(Ax − b)i}. a (Ax − b)i � i-àÿêîîðäèíàòà âåêòîðà Ax − b ýêâèâàëåíòíû.Ïóñòü x̄ = (x,−1) è ìàòðèöó Ā = ‖A|b‖. Òîãäà (3) ýêâèâàëåíòíî

x̄ ∈ X̄ = {Āx̄ ≤ 0} è |Ax − b|+
∞

= max
λ∈∆0

m

λĀx̄
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Ìèíèòåîðèÿ

Çàäà÷à (5) ïðåâðàùàåòñÿ â
min

x̄n+1+1=0
{
1

2
(‖x̄‖2 − 1) + γ max

λ∈∆0
n+1

λĀx̄} =

min
x̄n+1+1=0

{
1

2
‖x̄‖2 + (D)x̄} −

1

2
,

(6)

ãäå

D = o {0, γĀi, i = 1, 2, . . . , m}.à (D)x̄ = sup
d∈D

dx̄ � îïîðíàÿ �óíêöèÿ ìíîæåñòâà D.
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Ìèíèòåîðèÿ

Ïîñëå ëàãðàíæåâîé ðåëàêñàöèè îãðàíè÷åíèÿ xn+1 + 1 = 0ïîëó÷àåì
minx maxu { 1

2‖x̄‖
2 + (D)x̄} + u(x̄en+1 + 1)} =

maxu {u + minx̄ {
1
2‖x̄‖

2 + (D + uen+1)x̄}},

(7)

ãäå en+1 = (0, 0, . . . , 0, 1), à ñóììèðîâàíèå D + uen+1 îçíà÷àåòìíîæåñòâî {d + uen+1, d ∈ D}.Îáîçíà÷èì

φ(u) = min
x̄

{
1

2
‖x̄‖2 + (D(u))x̄}
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Ìèíèòåîðèÿ

Èç ìàëîèçâåñòíîãî âûïóêëîãî àíàëèçà:

−min
x̄

{
1

2
‖x̄‖2 + (C)x̄} = min

x̄∈C

1

2
‖x̄‖2Îòñþäà

φ(u) = min
x̄∈D(u)

1

2
‖x̄‖2è, ñëåäîâàòåëüíî, äîñòàòî÷íî õîðîøî âû÷èñëèìà.Áîëåå òîãî, φ(u) � êóñî÷íî-êâàäðàòè÷íàÿ ãëàäêàÿ è

φ′(u) = x̄n + 1,ãäå x̄ � ïðîåêöèÿ íóëÿ íà D(u).
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