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Abstract. We consider a class of convex optimization problems in a Hilbert space that can be
solved by performing a single projection, i.e., by projecting an infeasible point onto the feasible set.
Our results improve those established for the linear programming setting in Nurminski (2015) by
considering problems that (i) may have multiple solutions, (ii) do not satisfy strict complementarity
conditions, and (iii) possess nonlinear convex constraints. As a by-product of our analysis, we provide
a quantitative estimate on the required distance between the infeasible point and the feasible set in
order for its projection to be a solution of the problem. Our analysis relies on a “sharpness” property
of the constraint set, a new property we introduce here.
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1. Introduction. Let H be a real Hilbert space with inner product (-,-) and
induced norm denoted by ||z|| = 1/ {(x,x). Consider a problem of the form

(P) min (z”, ),
where A C H is a nonempty, closed, and convex set and (z*,-) is a linear function
(z* #0). Without loss of generality, we assume that ||z*|| = 1. In [17], the author
shows that if H is finite dimensional, A is a polyhedron, and strict complementarity
conditions hold, the linear programming problem (P) has the following property:

For every z° € H, there exists 6y > 0 such that the projection onto A

of the point 2° —0z* (which is a steepest descent step from the initial

guess x°) solves (P) for any 0 > 0q.
We refer to the aforementioned procedure as the single projection procedure (SPP) for
problem (P). Since the publication of [17], the SPP for solving linear programming
in finite dimensions has been the subject for study by the authors in [3, 6], as a
consequence of the finite convergence property of the alternating projection method
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(a) Given a vector 29, we can find 6 large enough such (b) For x0 as in the figure, there is no 6 > 0 such
that the projection of the vector z0 — z* onto A solves that the projection of the vector z° — fz* onto A
(P). This set A is sharp w.r.t. z*. solves (P). This set A is not sharp w.r.t. z*.

FiG. 1.1. The single-projection procedure extends beyond linear programming. As shown in
Figure 1.1(a), the set A does not need to be polyhedral for the procedure to work, but the sharpness
property at * is required (see Definition 3.2).

performed on a polyhedral set and a closed half space in the case when these sets are
not intersecting.

The aims of the present paper can be summarized as follows: (i) extend the SPP
to the infinite dimensional setting; (ii) show that the SPP remains valid in more gen-
eral settings, including nonlinear convex constraints, nonunique solutions, and/or in
the absence of the strict complementarity property; and (iii) provide quantitative es-
timates on the value of 6y needed for the SPP to work. To this end, we show that the
SPP is valid for problems satisfying a new property called sharpness (see Figure 1.1),
which we introduce here. In the particular case of problem (P), the sharpness prop-
erty holds when there is a positive lower bound for the distance between the (unit)
vector —z* and the normal cone N4(+) at every nonoptimal point of problem (P) (see
Definition 3.2).

In this context, problem (P) can be solved by the SPP (see Theorem 4.5 and
Lemma 4.6) whenever @ is sufficiently large and 20 is sufficiently far from being optimal
in the sense that

<a:*,x0 — 0x*> = <x*,m0> —f0< in

mefA <$ ,.T> ’

Furthermore, as polyhedral sets are sharp with respect to every unit vector (see
Proposition 3.14), our analysis shows that every solvable linear programming problem
can be solved by the SPP. As a consequence, this work extends the main results of
[17, Theorem 1] to Hilbert spaces. The setting of potentially convex objective func-
tions is dealt with in Theorem 4.13 and its corollary.

As mentioned above, our analysis relies on a new notion of “sharpness” for sets,
which this work also studies in its own right in section 3. Roughly speaking, a set A
is sharp with respect to x* if and only if

inf  d(z",Na(x)) >0,
zEA\Fa(z™)
where F(z*) denotes the face of A defined by a vector * (see Definition 3.1). In
order to contextualize sharpness in the broad literature, we explore the property from
three perspectives:
e Sharpness of the epigraph: When the set A is the epigraph of a convex func-
tion, we provide characterizations of sharpness in terms of its subdifferential.
This includes establishing that the epigraph of a function is sharp with respect
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to the vector (04, —1) if and only if it satisfies a global Kurdyka—Lojasiewicz
(KL) property with exponent 0 (Proposition 3.15). Moreover, we show that
a set A is sharp with respect to * if and only if the function 1 4(-) — (z*,")
has the global KL property with exponent 0, where 14(:) is the indicator
function of the set A.

e Dual characterizations: The analysis in [17] relies on the presence of strict
complementarity. This condition, which is often not satisfied, is known to
imply uniqueness of solutions of the linear optimization problem and that
the interior of the normal cone of the feasible set at this optimal solution
contains the vector —z*. On the other hand, we show in Proposition 3.20
that sharpness holds under much weaker conditions; in particular, we allow
nonunique optimal solutions. Namely, we require only that the interior of the
union of the normal vectors of A at all optimal solutions must contain —z*.
Consequently, although the strict complementarity condition can easily fail
for general linear programming problems, our sharpness condition holds for
every polyhedral set and for every nonzero vector z* (see Proposition 3.14).

e Metric characterizations: We show that sharpness with respect to z* is equiv-
alent to a subtransversality property between the set A and its supporting
hyperplane at z* (see Corollary 3.28). As such, the sharpness property can
be connected with well-known geometric properties in the literature.

The remainder of the present paper is organized as follows. In section 2, we
provide essential results that will be used in subsequent sections. Section 3 formally
introduces the new notion of the sharpness property and its connections with some
existing geometric properties of sets. Section 4 contains our main results on the SPP
for solving problem (P) and its extension to general convex problems in which the
objective function is not necessarily linear. Finally, section 5 lists some open questions
and discussion.

2. Preliminaries. We start this section by setting the theoretical framework
and recalling the standard definitions for future use. As stated in the introduction,
‘H is a real Hilbert space with inner product (-,-) and induced norm || - ||. Given a set
C C H, the distance from C to z is denoted by d¢(x) :=inf.cc ||z — 2.

We use the notation Ry, :=RU {oc}. Given A C H, we denote by intA, clA, and
bdA its topological interior, closure, and boundary, respectively. Unless specifically
mentioned, we consider the strong topology in H. We will denote by B:={uecH :
||| <1} the closed unit ball in % and by S:={u € B : ||u|| =1} the boundary of B.
Consequently, the open unit ball is B\ S = {u € B : ||u|| < 1}. Therefore, the open
ball of radius r > 0 and center xzg € H is zo +r (B\ S), and the closed ball of radius
r >0 and center xg € H is xog + r B.

We will consider the product space H? = H xH with the max norm ||||oc. Namely,
given (z,y) € H2, we consider ||(z,)|s := max{||z|], ||ly||}. Given this norm in H?, it

is well known that its dual norm (i.e., the norm in the dual space of (H2,] - |ls)) is
the norm
(2.1) (@)l = [l ]l + [lyll-

For the closed unit ball in H? induced by the sum norm, we will use the notation
22~ Namely,

(2.2) By i={(u,v) € H? : ||ul| + [Jv]] <1}.
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DEFINITION 2.1. Let C' C H be a nonempty, closed, and convex set. Let x € H.
By [2, Theorem 3.16], there exists a unique element in C that minimizes the distance
from C to x. We denote this element by Pc(x) (it is also called the best approzimation
to x from C). Namely, do(x) =inf,cc ||z — z|| = || — Po(x)||. When convenient, we
may also use the notation d(x,C) :=dc(x).

Let f: H—Ry. Theset dom f:={x € H : f(x) < oo} is the domain (or effective
domain) of f. We say that f: H — R, is proper if dom f # (). Suppose f is proper
and the function f*: H — R, defined by

fr(@7) = sup{(z,2") — f(z)}

TEH

is the Fenchel conjugate of f at * € H. The epigraph of f is epi f := {(:17,7’) eHxR:
f(xz) <r}. A function f is said to be (strongly) lower semicontinuous (Isc) when its
epigraph is (strongly) closed. In the latter situation, we say that f is closed. If f
is convex with a closed epigraph, then f is also weakly lsc (i.e., epi f is closed in the
weak topology). Given a convex function f, recall that the subdifferential of f is the
point-to-set mapping 0f : H = H defined by

(2. af@);:{éw*e%(wem 0=52) 4 10) e don,

Note that for points at the boundary of dom f, the subdifferential may or may not
exist (i.e., the set in the first line in (2.3) may be empty).

DEFINITION 2.2. Given a point-to-set map T : H = H, we consider the following
sets:

(a) The domain of T is the set D(T):={x€H : T(x)#0}.

(b) The range of T is the set R(T):={veH : Iz eH,veT(z)}.

(c) The graph of T is the set G(T) :={(z,v) e H xH : veT(x)}.

For a fixed nonzero vector u € H, we will denote by Ry (u) := {tu : t > 0} = cone[u]
the cone (also called the ray) generated by u. Given J a nonempty set and a collection
of elements (u;);c; C H indexed by J, we denote by cone[u;,i € J] the convex cone
generated by the collection. If J={1,...,{} is finite, then

1 !
(2.4) conefuy, ..., u) :Zcone[ui] :ZR+(Ui)7

where we are using the fact that cone[A U B] = cone[A] + cone[B]. Note that in these
definitions we are using the notation cone[C] for the convex cone generated by a set C.

DEFINITION 2.3. Given a subset A CH and a point x € H, the point-to-set map
Na:H=H defined by

Noa(a) = {z*eH : (Va€A) (a—x,2*) <0} ifxeA,
AN 0 otherwise,

18 called the normal cone of a set A at the point z.

FACT 2.4 (see [2, Proposition 16.35]). Let f: H — Ry be a convex, proper, and lsc
function. Denote by D :=dom f and by E:=epif. Fixx € D. Then, Ng((z, f(z)) =
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Ry (0f(z) x {=1}) U(Np(x) x {0}), where Ry V:={tv : t>0,0 €V} denotes the
positive cones generated by a set V. Equivalently,

Np((z, f(2)) ={(u,n) € HxR: n<0 and u/(-n) € Of (x)}
(2.5) U{(u,0) e HxR: ueNp(x)}.

By [2, Proposition 16.17(1)], for every x € bdD, we can either have 0f(z) = 0 or
f(z) unbounded. In the latter case, i.e., when x € bdD and df(x) # 0, we have
df(z)+ Np(x) COf(x).

Recall that the indicator function of a subset A C H is the function 14 : H — R
such that 1 4(z) =0 when x € A and 1 4(z) = +oo otherwise. Hence, dom1 4 = A. If
A is a nonempty, closed and convex set, 1 4 is a proper, lIsc, and convex function. In
this situation, (2.3) yields

(2.6) O(La(z))=Na(xz) foralaxeH,

and note that (1 4(z)) = 0 otherwise. In this case, we can use the maximal mono-
tonicity of the map 9(14)(-) to deduce that the graph of N4, given by the set
G(Ny) :={(z,z*) € AxH : * € Ny(x)}, is closed w.r.t. the strong-weak topology
(i.e., w.r.t. the strong topology in the first coordinate and w.r.t. the weak topology
in the second coordinate). We call this type of closedness demiclosedness (note that
G(N,) is also closed when considering the weak topology in the first coordinate and
the strong topology in the second one).

Remark 2.5. Fix zp € H. Consider the function ¢, : H — R defined as ¢,,(z) :=
||z — 2o, where || - || is any given norm in H. In this situation, the Fenchel-conjugate
of ¢, is given by ¢} = 1p, + (20,-), where B, is the closed dual unit ball, i.e., the
unit ball with respect to the norm which is dual to the given norm || - ||. Moreover,
by [2, Example 16.62] (see also [21, Corollary 2.4.16]),

I S L e

Consequently, ¢,, is smooth at every x # 2z (see [2, Proposition 17.32]).
Remark 2.6. For future use, we recall here a fact involving the subdifferential of
a maximum of two norms in the product space. Fix Z = (21,%2) € H x H. Consider
the function Oz : H x H — R defined as
O:(z,y) == max{|lz — 21, [ly — 2} = max{pz, (), ¢z, (4)},

where we are using the notation introduced in Remark 2.5 in the second equality.
Note that

(2.8) ©:(£1,22) = 0=z, (£1) = ¥z, (%2).

Denote by 97 and d; the partial subdifferentials w.r.t. the first and second variable,
respectively. Define also ©(z,y) := ¢z, (x) for every x,y € H and ©2(x,y) := s, (y)
for every z,y € H so that ©;(x,y) = max{0'(z,y),02(z,y)}. Using Remark 2.5 and
the fact that ©! does not depend on the second variable, we have that

00 (21,22) = (010" (21, 22), 020" (%1, 22)) = (810" (21, 22),0)
= (8@21 (21)70) =B, x {0}7
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where we used (2.7) in the last equality. Similarly, we obtain 902 (2;,%;) = (9;02
(21,22),0202(21,22)) = {0} x B,. The classical theorem of Dubovitskii and Milyutin
(see [2, Theorem 18.5]), which computes the subdifferential of a maximum of functions,
together with (2.8), yields

90:(21, 22) =conv{(B, x {0}) U ({0} x B.)} ={(u,v) € H x H : [Jul| + ||v]| <1}
=B

(Here, conv (A) denotes the conver hull of the set A, which is the smallest convex
set that contains A, whereas conv(A) is the closure of its convex hull.) The second
equality can be easily checked, while in the last equality we use the notation introduced
in (2.2).

DEFINITION 2.7. Fix m € N* (i.e., m € N and m # 0) and b € R™. Let A :
H — R™ be a bounded linear operator. Recall that the adjoint operator of A is the
(bounded) linear map A* : R™ — H defined by the equality

(2.9) (Az,u) = (z,A"u) V(z,u) e H xR™.

Note that in (2.9) we are using the same notation for the inner products in # and
in R™. From [5, Remark 16], we have that, when A is bounded, A* is also bounded
and both maps have the same norm.

DEFINITION 2.8. Take A and b as in Definition 2.7. Denote by B, :={e1,...,em}
the canonical basis in R™. A polyhedron or polyhedral set induced by a linear map
A and a vector b is the set

(2.10)  C(Ab):={zeH: Az <b}:={zxecH: (Az,ej) <b; forall j=1,...,m}.

Hence, a polyhedral set is a finite intersection of level sets of linear maps. Given x € H,
the set I(z) :={je{1,...,m} : (Az,e;) =b;} identifies the inequality constraints that
are active at x. We say that a function f:H — Ry is polyhedral when its epigraph
is a polyhedral subset of H x R.

The normal cone to a polyhedral set will have an important role in our analysis,
so we recall [15, Corollary 4.1], valid in a locally convex space. Polyhedral sets in
these general spaces are defined in a manner similar to that in Definition 2.8, where
‘H is replaced by a locally convex space denoted by X.

PROPOSITION 2.9 (see [15, Corollary 4.1]). Let X be a locally convex space, and
let C1,...,Cp be polyhedral subsets of X with C:=N,C; #0. Then, for all z € C,
we have No(z) =>"1", N¢, ().

We recall Ekeland’s variational principle, which holds in the setting of metric
spaces.

LEMMA 2.10 (Ekeland’s variational principle [10, Theorem 1.1]). Let X be a
complete metric space, let ¥ : X — Ry, be lsc, let w € X, and let € > 0. If () <
infuex ¥(x) + €, then, for any A > 0, there exists wy € X such that the following
hold:

(i) d(x, @) < A;

(i) D) < B(@);

(iil) P (w) + (e/N)d(w,wy) > P(wy) for all we X \ {wy}.

The next simple fact will be used in later sections.
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FactT 2.11. Let u,v € H be such that ||u|| = ||v|| =1. Then,
d(u,cone[v])? = 1 — max(0, (u,v))>.

Proof. Denote t, = (u,v). Then, d(u,cone[v])? = ming>g ||u — tv[|* = ming>o(1 +
2 — 2t,t) =1 — max;>o(—t> + 2t,.t) = 1 — max(0,t,)2. ]

3. Sharp sets and their characterizations. Figure 1.1 illustrates that, for
the SPP to work, the set A must possess certain geometric properties. In this section,
we formally define a property that allows problem (P) to be solved by the SPP. Our
focus is on a geometric property associated with the presence of “sharp corners” of a
convex subset of a Hilbert space.

3.1. Definition and examples.

DEFINITION 3.1. We define the face of a convex set A C ‘H with respect to z* #0
as Fa(z*):={xz € A: (a*,z) =supy (z*,-)} = Argmax 4 (z*,-). A closed convex subset
FO C A is said to be an exposed face of A if there is x* € H such that F° = Fa(z*).

The next definition will be crucial in our analysis.

DEFINITION 3.2. Let A CH be closed and conver, let x* €S, and let « > 0. We
say that A is a-sharp with respect to x* if, for all x € A such that v* ¢ Na(x), we
have

(3.1) d(z*,Na(x)) > a.
The modulus of sharpness of A w.r.t. x*, denoted by sr[A,x*], is defined as

Aa*]:=  inf  d(a*,Na(x)).
(3.2) sr{A, 7] ey o (z*, Na(z))

Then, A is sharp w.r.t. vector x* if sr{A,x*] > 0.

Remark 3.3. From the definition, A is a-sharp w.r.t. to the vector z* if and only
if sr[A,2*] > «. The definition of sharpness involves taking an infimum over the set
{reA: x* ¢ Ny(x)}. When the latter set is empty, we have that 2* € N4 (x) for every
x € A. This implies that (x*,z) = sup, (z*,-) for all € A. Hence, A = Fa(z*). In
this case, A is trivially sharp w.r.t. z* by vacuity, and from (3.2), with the convention
that inf () = 400, we deduce that sr[A4,z*] = +oco. We also note that, since |z*| =1
and 0 € N4 (z) for any « € A, we always have that o <1iftheset {x € A: 2* ¢ Na(z)}
is nonempty.

The following result relates faces of sets with the sharpness property in Defini-
tion 3.2.

FAacT 3.4. Let A be a closed conver set. Fiz x € A and z* € S. The following
statements are equivalent:
(i) * € Na(z).
(i) x € Fa(x*).
(iii) = € Argmax, (z*,-).
Consequently, for any a >0, we have

srfA, 2] > a <= d(z*,Na(x)) > a Ve € A\ Fa(z™).
Proof. Using the definitions and the notation of Definition 3.2, we can write

¥ € Ny(x) <= (z*,y—x) <0 Vy e A<= (z*,x) =sup (z",y) <= x € Fu(a"),
yeA
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which proves the equivalence between (i) and (ii) in the first statement. The equiva-
lence between (ii) and (iii) in the first statement follows from the fact that Fa(z*) =
Argmax (x*,-). To complete the proof, note that the equivalence between (i) and (ii)
implies that v € A\ Fa(2*) <= x € A and z* ¢ Na(z). Therefore,

st[d,z*] > a < d(z*,Na(z))>a VreeAz*¢ Na(z),
<— d(z*,Na(z))>a VreA\F(z*),

establishing the last claim. ]

Remark 3.5. Figure 3.1 illustrates simple two-dimensional examples of the sharp-
ness property with respect to a given vector and its connection with faces of the set A.
In Figure 3.1(a), the “rounded” section of the boundary of A approaches T smoothly.
We note, however, that sharpness can also fail for sets whose boundary is not rounded
as in Figure 3.1. We illustrate this situation in the next example.

Ezample 3.6. Consider the set A C R? as the epigraph of the convex function
f:R = R, defined as follows: f(z):=+oo if z < —1, f(z):=— (3"2+i’;4('7113_3”1')"2(2"+1)
if x € [-1/n,—1/(n+1)],n € N, and f(z) :=0 if £ > 0. The boundary of the set
A to the left of 0 is determined by a piecewise linear function which at the points
a, := —1/n attains the value 1/n® and is linear between a,, and a,,1 (n=1,2,...).
This function is nonsmooth because it has kinks at each a,,. It is convex because its
slopes monotonically increase to zero. The latter fact also implies that A is not sharp
w.r.t. *:=(0,—1). Therefore, a set with nonsmooth boundary need not satisfy the

sharpness condition.

Remark 3.7. When the closed and convex set A is bounded, the lack of sharpness
implies a continuity property of the restriction of the point-to-set map Na(-) to the
boundary of A. Indeed, if sr[A,2*] = 0, then the definition directly implies the
existence of a sequence (zy,x)) C G(Ny4) with z* € Ny(x,) and st. z} — z*
strongly. The boundedness of A implies that there exist z and a subsequence (z,,, ) of
(z,,) weakly converging to Z. For simplicity, we still call this subsequence (z,). Since
G(Ny4) is demiclosed, (Z,z*) € G(N4). The latter fact, together with z* & Na(z,,),
implies that x,, # Z for all n. Altogether, we have a sequence (z,,x}) C G(N4) s.t.
the following hold:

(i) =} — «* strongly; «* & Na(xy,).

(ii) There exists T € A s.t. x,, = Z weakly, with z,, # Z for all n.

In particular, in Figure 3.1(a), for any positive number r > 0, there exist y* € B, (x*)
and y € B,.(Z) \ F such that y* € Na(y). Note here that Z is an extreme point of the
set A in Figures 3.1(a) and (b). However, the point Z in Figure 3.1(b) is an ezposed

A A
T F z F

a* z*

(a) The set A is not sharp w.r.t.z*: there exist a sequence (b) The set A is sharp w.r.t. 2*: there exists r > 0
(2, 23,) C bd A X H with x}, € NA (2n), zj,=z* (n € N) such that, for any y* € B,. (z*) and € A with y*
such that (x,,) converges to Z, and (z},) converges to *. € N4 (), it must hold that z* € N, ().

F1G. 3.1. An illustration of the sharpness property. In both figures, F is a supporting hyperplane
of A at T. The set A is not sharp w.r.t. the vector * in Figure 3.1(a). In Figure 3.1(b), there exists
no sequence (xn) outside the face ANF, such that * € cl |J,, Na(xn). See Remark 3.5.
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point (i.e., there exists a hyperplane H such that AN H = {Z}), whereas the point
Z in Figure 3.1(a) is not an exposed point (since the only supporting hyperplane of
A at 7 is F). In Figure 3.1(b) it is easy to note that there is a € (0,1) such that for
every y € A with z* ¢ N4 (y) we will have that d(z*, Na(y)) > a.

Remark 3.8. From Fact 3.4(i)—(ii), we know that z* ¢ R(IN4) if and only if
F4(x*) = 0. We note that this situation cannot hold when A is bounded. Indeed, in
this case we can use [2, Corollary 21.25] to obtain R(N4) = H. Namely, there is no
x* verifying z* ¢ R(IN4). We also note that, in general, the set R(/N4) can neither
be closed nor convex. However, it is well known (see, e.g., [2, Corollary 21.25] or [7,
Theorem 4.4.9]) that ¢l R(IN4) is a closed and convex set.

For an unbounded set A, we next characterize for which z* ¢ R(N4) we have that
A is sharp w.r.t. z*.

PROPOSITION 3.9. Fiz z* € S, and assume that A C H is a nonempty, closed,
and conver set such that * ¢ R(Na). Then, A is sharp w.r.t. x* if and only if x* ¢
bdR(Ny). In this situation, A must be unbounded.

Proof. The fact that A is unbounded follows from Remark 3.8. We show first
that if z* € bd R(N4), then A is not sharp w.r.t. *. Indeed, in this case, we can
take a sequence (x,) C A such that z* # x} € Na(z,,) with 2* = lim,, z}. The fact
that z* # z} holds because x* ¢ R(N4). Hence,

inf  d(z*,Na(z)) < lim d(z*,2%) =0
ven ad (o @5 Na(@)) < lim d(z”,23) =0,

so A is not sharp w.r.t. a*. Conversely, assume that z* ¢ bdR(Ny4). Since we also
have that z* ¢ R(N4), we deduce that z* ¢ cl R(N4) =: R. Then, there exists o >0
such that o = d(z*, R) = inf,cr(n,) d(z*,v) <infyea prgn, (o) d(z*, Na(x)), so A is
sharp w.r.t. x*. ]

We illustrate the last result in the next two examples. In the first example, we have
that z* ¢ R(N4) but z* € bd R(N4), while in the second example, z* ¢ cl R(Ny4).

Ezample 3.10. If A :=epig, where g : R — Ry, is defined as g(t) = 1/t if ¢ > 0
and ¢(t) = +oo otherwise, then it is easy to check that * := (0,—1) ¢ R(IN4) but
z* € bdR(Ny4). Hence, we are not in the conditions of Proposition 3.9. Let us check
that A is not sharp w.r.t. z*. Indeed, for x,, := (n,1/n) we have (—1/n% —1) € Na(z,,)
and x* = (0, —1) =lim, o (—1/n%,—1), so d(z*, Na(n,1/n)) =0, and hence A is not
sharp w.r.t. x*.

Example 3.11. Let A = Ri be the nonnegative orthant in R?, and let z* =
(1/4/2)(1,1). Then, z* € cl R(N4) and we are in the conditions of Proposition 3.9. It
can be verified that A is 1-sharp w.r.t. z*. Indeed, if © € intA, then N (z) = {0} so
d(z*,Na(x)) =d(z*,0)=1. If £ =¢(1,0) for t > 0, then N4(x)={s(0,—1) : s> 0}.
Using Fact 2.11 with w := z* and v := (0,—1), we obtain d(z*,Na(z)) = 1. An
identical argument shows that d (z*, Na(z)) =1 for = (0,¢) for ¢ > 0. In the latter
case, we use Fact 2.11 with u := z* and v := (—1,0). Finally, if z = (0,0), then
Na(z) =R2, so again we have d (z*, N4 (z)) =d (z*,R2) = 1.

We show in the next result that when the set A is bounded, the constant sr[A, z*]
is exactly the infimum of the distance between x* and every vector y* such that the
face Fa(y*) does not intersect with the face Fi4(z*). This observation holds true even
in the infinite dimensional setting.
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PROPOSITION 3.12. Suppose A is a nonempty, bounded, and closed conver set.
Fiz 2* € § and o € (0,1]. Then, A is a-sharp w.r.t. =* if and only if, for every
y* € H\ {0} such that Fa(y*) N Fa(z*) =0, we have

(3.3) 2% —y*[| = o

Consequently, st[A,z*] =infp, (") p, @*)=0 |[7° — y*||.
Y #0

Proof. Note that because the set A is nonempty and bounded, from [2, Corol-
lary 21.25], the set Argmax 4 (y*,-) is nonempty for any y* € H \ {0}; therefore, from
Fact 3.4, the face F4(y*) is also nonempty.

First, suppose that the set A is a-sharp w.r.t. z* € S. If Fa(z*) N Fa(y*) is
nonempty for every y* € H\{0}, then (3.3) in Proposition 3.12 holds true immediately.
Otherwise, assume that there exists y* € H \ {0} such that Fa(y*) N Fa(z*)=0. By
Fact 3.4, for any y € F4(y*), we have that y* € Na(y). Because Fa(y*) N Fa(z*) =10,
we must have y ¢ Fa(z*), and again Fact 3.4 yields 2* ¢ Na(y). Then, the a-
sharpness property implies that

% —y*|| = d(27, Na(y)) = inf d(z", Na(y)) =sr[4,2"] > o,
y' €A, z*¢Na(y')
which shows (3.3). The second statement follows directly by taking infimum in the
expression above.

Conversely, suppose that for every y* € H \ {0} satisfying Fa(y*) N Fa(z*) =0,
it holds that ||z* — y*|| > o. We now show that the set A must be a-sharp w.r.t. x*.
In fact, suppose to the contrary that the set A is not a-sharp w.r.t. z*. Then, there
is y € A such that z* ¢ Na(y) and d(z*,Na(y)) < a. Take y* € N4(y) such that
lz* —y*|| < o, and take € € (0, — ||z* — y*||). Note that because z* ¢ N4(y) and
y* € Na(y), we have

(x*,y) <sup,c4(z*,z) and (y*,y—x)>0VreA.
Then, for every x € Fa(z*), we have (z*,2) =sup,c 4 (z*, 2), and

(' —ea”y—m)=(y",y—x) —e (", y — )
="y —x) —e((z”,y) —sup (z7,2)) > 0.
zEA
The above expression yields (y* —ex*,z) < sup,c4 (y* —ex*, z), which implies that
x ¢ Fa(y* —ex*). Because x € F4(x*) is chosen arbitrarily, we have Fa(z*)NFa(y* —
ex*) = 0. Now we can use the hypothesis (3.3) for y* — ez* instead of y* to obtain
l(y* —ex*) — x*|| > . On the other hand, the definition of ¢ yields

I(y" —a") —ex™|| < ly™ — 27| + [lez™| = [ly" — ™[ + e <o,

in contradiction with assumption (3.3). Therefore, we must have that A is a-sharp
w.r.t. x*. O

Remark 3.13. If the set A is unbounded, the statements in Proposition 3.12
need not hold. Indeed, if z* ¢ R(Ny4), then Fact 3.4 yields Fa(z*) =0 so Fa(z*) N
Fa(y*) =0 for all y* € H. In this situation, inequality (3.3) will not hold for every
nonzero y* € H. This situation is illustrated by Example 3.11. In this example,
" = (1/v/2)(1,1) € R(Na), Fa(z*) = 0, and A is a-sharp at 2* with @ = 1. In
particular, Fa(z*) N Fa(y*) =0 if y* = 2*, in which case (3.3) is clearly false.

We show next that a polyhedron is sharp with respect to every vector z* € S.
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PROPOSITION 3.14. Let A be a polyhedron defined by A := {z : Ax < b}, where
A is a bounded linear operator A : H —R™ (m >0), and b € R™. Denote by B, :=
{e1,...,em} the canonical basis in R™. For any vector z* € S, let J(x*) be a collection
of subsets of indexes defined as J(x*):={J C{1,...,m} : z* ¢ cone[A* e;];cs}, and

(3.4) oo :=min {1,inf ¢ ;) d (2%, cone[A* e;]ics) }
with the convention that inf ) = +-00. Then, ag >0 and A is ag-sharp w.r.t. x*.

Proof. We first prove that the constant ag defined in (3.4) is positive. If the
set J(z*) is empty, then (3.4) becomes g = min{l,inf@} =1 > 0. So, it suffices
to consider the case where J(a*) # (. To this end, let J € J(a*) be arbitrary. By
definition, * ¢ cone[A* e;];c; and hence

(3.5) d(x*,cone[A” e;];es) > 0.

From inequality (3.5) and the fact that the set J(z*) is finite, the constant «g in (3.4)
must be positive.

To complete the proof, we show that the constant a defined in (3.4) is a lower
bound of all constants a such that A is a-sharp w.r.t. x*. In other words, we will
show that sr[A,z*] > ap > 0. Observe that the polyhedral set A is the intersection of
m closed half spaces. Namely, using Definition 2.8 we can write

(3.6) A=({z: (e, Az) < (e b)} = [{w: (A% ei, ) < (ei,0)},

i=1 i=1
where we used (2.9) in the second equality. Because A is a bounded linear map,
so is A*, and hence for each ¢ = 1,...,m, the set H; := {z: (A*e;,x) < (e;,b)} is a
closed half space. Thus, the normal cone operator of H; at a point x € H; is given
by Ny, (z) = cone[A*¢;] if (A*e;,z) = (e;,b), and Ny, (x) = {0} otherwise. We now
apply the intersection rule in Proposition 2.9 and (2.4) to derive the normal cone of
A as
Na(z) = cone[A*e;cr(x) = Z cone[A¥e;] Vze A,

i€l(x)

where I(x) :={i: (z,A*e;) = b;}. Consider any = € A such that x* ¢ N4(x). Then,
by (3.7) and the definition of J(x), we have I(x) € J(x), and

d(z*,Na(z)) =d (z*,cone[A* e;]ic1(x)) = o,

(3.7)

where we used the definition of g in the last inequality. Hence,
ag< inf  d(a*,Na(z)) =sr[A,z"],
z€A
which implies that the set A is ag-sharp w.r.t. vector x*. 0

3.2. Sharpness of the epigraph. Consider the following optimization problem:

(3.8) min f(z),

where A is nonempty, closed, and convex and f:H — R, is proper, convex, and lsc.
Assume that (3.8) has solutions, and denote its solution set by S. In connection with
this problem, we consider the following property. Assume that there exists 8 > 0 such

that
(3.9) irégd(()ﬁf(x)) >pB3>0.
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We note that (3.9) holds, for instance, if f is piecewise linear. Indeed, let f(z) :=
max;=1,.m (z},x) +b;. Call J:={i,...,m}. For every x € H, define I(x) := {i €
J : f(z) = (zf,x) +b;}. From the formula of the subdifferential of a supremum (see,
e.g., [2, Theorem 18.5] or [21, Theorem 2.4.18]), we know that Jf(z) = colz]]icr(x)-
Hence, 0 ¢ 0f(z) if and only if 0 ¢ co[z]];cs(5). Consider

F:={ICJ:0¢&colxf]ier} CP(J),

where P(J) denotes the collection of all possible subsets of .J, which has cardinality
2™. So there is a finite number of possible subdifferential sets such that 0 ¢ 0f(z).
Moreover, z ¢ S if and only if I(x) € F. Altogether,
;gfsd((),@f(x)) =0t d(0,9f(z)) 2 mind(0, colzlier),
where we have a minimum in the rightmost expression because the infimum is taken
over the finite set F. Since co[z}];cr is a closed convex set which doesn’t contain zero,
d(0,colz}]ier) > 0 for every I € F. Therefore, the minimum in the right-hand side of
the above expression is attained at some positive value b. Note that the fact that we
have a finite supremum of affine functions is essential. The function in Example 3.6
is an infinite supremum of affine functions, for which (3.9) does not hold.

The next result characterizes the case in which the epigraph of a function is sharp
w.r.t. the vector (04;,—1). The latter property turns out to be important in the last
section.

PRrROPOSITION 3.15. Let f:H — Ry, be a proper, convex, and lsc function. The
following statements are equivalent:

(i) epif is a-sharp w.r.t. the vector z* =: 0y, —1).

L . ) RS

(ii) o<1 and f verifies (3.9) with parameter [ := i

Proof. Let E:=epif and D :=dom f. From Fact 2.4, we have
(3.10) Ne((z, f(2)) =Ry 4 (0f(z) x {-1}) U(Np(z) x {0}).

For calculating the sharpness of E at z*, it is enough to consider only points of
the form (z, f(x)) since otherwise for (z,y) € E, with y > f(x), then Ng((z,y)) =
Naom () x {0}, and hence d(z*, Ng((z,y)) > 1. Thus, for computing the sharpness
of £/ we need to take the infimum over the set:

K:={(z, f(x)): (0,—1) € Ne((z, f(z))}
={(z,f(z)):0f(x) #0 and 0 ¢ O (x), or Of (x) =0},
where we are using (3.10) in the characterization of K. If (z, f(z)) € K and 9f(z) =0,
then (3.10) gives Ng((z, f(z)) = Np(z) x {0}, so in this case we have

(311) d(=" Np((z, /(@) = (0, =), No() x {0 = inf /[wP+1=1.

Np ()

Fix now any (z, f(z)) € K such that 9f(z) # 0, and denote d(z) := d(0,0f(x)).
Since df(x) is a nonempty, closed, and convex set (see [2, Proposition 20.31]), and
0 ¢ Of(x), we have that d(z) > 0. We first prove that for every (z, f(z)) € K such
that df(z) # 0, we have

(3.12) d(", Np((z, f(2)))) =
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Indeed, fix (z, f(x)) € K. Using (3.10), we have

d (2", Ng((z, f())))
= inf d(z*, (u,n))

(u,m)eNp((z,f(x))

:min{ inf  d(z*,(w,0)), inf d(z*,(tuv—t))}

wENDp (x) uedf(x),t>0

:min{ glf()\/||w||2+1, inf \/t2(||u|2+1)—2t+1}
wEeENDp(x

u€df(x),t>0

—mind1, inf |inf/22(Jul?+1 —2t+1”:min TR L
{ uedf(z) [t>o\/ (Il ) uedf(z) \/||lul|? +1
_ (=)

5(x)2 41

where we are using (3.10) in the second equality and the definition of z* in the third
one. In the fourth equality, we are using the fact that the infimum over Np(z) is
attained at w = 0. In the fifth equality, we are using the fact that the infimum in
the expression between square brackets is attained at t* := 1/(||ul|?> + 1), and in the
sixth one we are using the fact that the latter infimum value is smaller than 1 as well
as the fact that the function g(s) := s/v/s? + 1 is increasing over R, and attains its
minimum at s*:=¢d(x). Hence, (3.12) holds for every (z, f(x)) € K.

Now, we assume that (i) holds. Then by (3.11) and (3.12) this means that, for
every (z, f(x)) € K, we have

a= (x,fi(gcl;f)EKd(Z*7NE((x’f(x))))

= min inf d(z*,Ng((z, f(x)))), inf d(z",Ng((x, f(z
{ s BT G N f @), 4Nl @)

. : 6() d(y)
=min< 1, inf <
(x.f(2))EK0f(@)#0 /5 ()2 + 1 Voy)2 +1

for every (y, f(y)) € K such that 9f(y) # 0. Note that we are using (3.11) and (3.12)
in the second equality. So o < 1, and the above expression rewrites as

o

3.13 0(y) > ——== (v, €K st 0 0,
(3.13) (y) > Vg (v, f(v)) fly) #
which means that (ii) holds with parameter \/1(i7 Note that we are using the
convention that the infimum of the empty set is +00, so (ii) automatically holds if
of (x) =0.

Conversely, if condition (ii) holds with parameter 5 = ﬁ, then (3.13) holds.
The latter rewrites as

3(y)
m >aV(y, f(y) € K s.t. 9f(y) #0,
which, together with (3.11) and (3.12), gives (i). d

We illustrate the results in Proposition 3.15 by two examples in Figure 3.2. Con-
dition (3.9) is closely related with the well-known Kurdyka—FLojasiewicz inequality.
To make this connection precise, we recall next the necessary definitions.
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i epi f / iepigi

(0,-1) (0,-1)

(a) The function f(x) = 22 does not have the global KL.  (b) The function g(z) = |z| has the global KL
property, and the set epi f is not sharp w.r.t. vector (0,—1). property, and the set epi g is sharp w.r.t. vector
(0,-1).

Fi1G. 3.2. Illustration of Proposition 3.15: epif is sharp w.r.t. vector (0,—1) if and only if f
has the global KL property. The rationale for these figures is identical to the one given earlier for
Figure 3.1.

DEFINITION 3.16 (Kurdyka—Lojasiewicz inequality [4, section 2.3]). Let f: H —
Ry, and assume that S := argmin f # (). Fix T € S. The function f satisfies the
global Kurdyka—Lojasiewicz (KL) property at & if there exists a concave continuously
differentiable function p: Ry — Ry with ¢(0)=0 and ¢’ >0 such that

(3.14) ¢ (f(x) - f(2))d(0,0f(x)) =1 Va¢Ss.

In this case, we say that ¢ is a desingularizing function for f at Z. If f satisfies
the global KL property and admits the same desingularizing function ¢ at every point
T €S, then we say that f satisfies the global KL property with global desingularizing
function .

The next result establishes the connection between the global KL property and
sharpness.

COROLLARY 3.17. Let f: H — Ry be a proper Isc convex function. The following
statements are equivalent:

(i) epif is a-sharp w.r.t. the vector z* := (0y,—1).

(ii) a <1 and f satisfies the global KL property with global desingularizing func-

tion o(t) = 1V 1(;“2.
Proof. The claim of the corollary follows from Proposition 3.15 because the global
KL property (ii) is equivalent to condition (ii) in Proposition 3.15. d

COROLLARY 3.18. Let f: H — Ry be a polyhedral function (see Definition 2.8).
Then, there exists a < 1 such that [ satisfies the global KL property with global
desingularizing function o(t) = tivla_az In particular, property (3.9) holds for 5 :=

a
1—a2’

Proof. By Definition 2.8, the epigraph of a polyhedral function is a polyhedral
set. By Proposition 3.14, it is sharp with respect to any unit vector, in partic-

ular with respect to z* := (0x,—1). The two claims now follow from the fact
that part (i) implies (ii) in Corollary 3.17 and the fact that part (i) implies (ii) in
Proposition 3.15. ]

In the next result, we establish yet another connection between the sharpness
property of a set and the KL property. The result shows that a set is sharp w.r.t =*
if and only if the function 14(-) — («*,-) has the KL property with exponent of 0; i.e.,
the function admits a linear global desingularizing function.

ProroSITION 3.19. Consider x* € S and a nonempty closed and convex set A.
The following statements are equivalent:
(i) The modulus of sharpness of A w.r.t. x* is a > 0; equivalently, o :=
srA,z*] > 0.
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(ii) The function f(x) := La(x) — (x*,x) satisfies the global KL property with
global desingularizing function ¢(t) =*.

(iii) The function f as in (i) satisfies (3.9) with §:= .
If, under any of the above conditions, we have o < 1, then epi f is (a/v/1 + a2)-sharp
w.r.t. 2% :=(0y,—1).

Proof. The definition of f yields f(x) = Na(z) —x* for all x € H. Thus, for any
x € A, x* ¢ Ny(x) if and only if 0 ¢ 0f(x). Therefore, x ¢ argmin f if and only if
x* ¢ Na(x). The equivalence above implies that

(3.15) d(0,0f(x)) =d(0,Na(z) —z*) =d(z", Na(x)),

which, combined with the fact that ¢'(¢t) = 1/a, gives, for all z ¢ argminf, T €
argmin f,

(1/a)d(0,0f(x)) = &' (f(x) — f(2)) d(0,0f (x)) = (1/a)d(x", Na()).

The three equivalences follow directly from the expression above and the definitions.
As for the last statement, assume that o < 1. Since (i)—(iii) are all equivalent, we can
use Proposition 3.15(ii) for 8 := a. Indeed, by (iii) we have that §(z) > a. By (3.12),
this implies that, whenever df(z) # 0 and 0 ¢ df(x),

o(x) L«
Vo(x)2+1 Vita?

d(z", Ne((z, f()))) =

where we used the fact that the function g(s) :=s/v/s? + 1 is increasing over R;. By
(3.11), we know that d (2*, Ng((z, f(z)))) =1if 8f(x) =0. Altogether, and using the
same set K as in the proof of Proposition 3.15, we can write

(:c,fi(g)f)eK (=" N (@, /(@)

= min inf d(z",Ne((z, f(x))), inf d(z*, Ne((z, f(x)))
(z,f(z)) € K, (z, f(z)) € K,
of(x)=0 of (x) #0

«a @
>min< 1, = )
o { \/1—|—a2} V1+a2
establishing the last claim. ]

3.3. Dual characterizations. As seen in Figure 3.1, the sharpness property of
the set A w.r.t. vector z* is related to the condition that x* belongs to the interior of
the set |, Fae) V. A(x). The next result explores this connection in general settings.

We recall that the open ball of radius r > 0 and center xq is written as xg + r (B\S)
and that the corresponding closed ball is xg + 7 B.

PrOPOSITION 3.20. Consider a nonempty closed convex set A of a Hilbert space
H, a vector z* € S, and a positive constant « € (0,1]. Consider the following state-
ments:

(i) The set A is a-sharp w.r.t. x*.

(ii)) z* + a(B\S) C UIeFA(I*) Na(x).
Then, (ii) = (i). If the set A is bounded, then (i) = (ii).
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Fic. 3.3. Here, y* belongs to the open segment (z*,z*).

Proof. We first prove (ii) = (i). Suppose (ii) holds. We now prove that for any
vector y € A satisfying

(3.16) d(z*,Na(y)) < a,

this implies that z* € Na(y). This statement then implies that inequality (3.1) must
hold for any x € A with z* ¢ N4 (x).

Suppose to the contrary that there is y € A such that (3.16) holds and z* ¢ N4 (y).
From the inequality (3.16), we can choose y* € N4(y) such that 0 < ||z* — y*| < a.
Hence, y* € 2* + a(B\ S). Because z* + a(B\ S) is an open set, there exists r > 0
such that y* +rB C z* + «(B\ S). Let tg: =1+ M=z and 2" = 2" + to(y* — ™)
(see Figure 3.3). Using these definitions, we can write

=t =yl = | (o (14 ) 0 —00) v = et =) =

This gives z* = x* +to(y* —x*) € y* +rB C 2* + a(B\S), where we used the definition
of r in the last inclusion.

Now we can use assumption (ii). Namely, z* € 2* + a(B\ S) C U, ep, () Na(2).
Hence, there exists z € F(z*) such that z* € Na(z). Since z € Fa(z*), Fact 3.4
yields * € N4(z). Altogether, both of the vectors z* and z* belong to the normal
cone N4(z). From the fact that y € A and z* € Na(z),

(3.17) (z*,y—2)<0

Recall that «* ¢ N4(y), and z* € Na(z). Using Fact 3.4, the latter gives z €
Argmax , (z*,-) and y ¢ Argmax 4 (x*,-). Therefore, we can write

(3.18) (z%,y) <(z",2) =sup (a7, ).
A

From y* € Na(y) and z € A, we also have (y*,z) < (y*,y). We now use this inequality
and (3.18), together with the fact that z* = z* +to(y* — 2*) and ¢y > 1, to derive the
following estimation:

(z%,y) = (toy™ + (1 = to)", y)
=to(y"y) + (1 —to) (x™,y) >to (y", 2) + (1 —to) (z7, 2)
= ({toy™ + (1 —tg)x™,2) = (z¥,2),
which contradicts (3.17). Therefore, we must have z* € N4(y). We have shown that,
whenever (3.16) holds, we must have z* € N4(y). Equivalently, if * & Na(y), then

we must have d(z*, Ng(y)) > a. The latter statement implies that A is a-sharp w.r.t
vector x*. This completes the proof of (ii) = (i).
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We now prove (i) = (ii) when the set A is bounded and a-sharp w.r.t. z*. Since
the set A is bounded, we can use the characterization of sharpness established in
Proposition 3.12. The latter implies that for all y* € H \ {0} such that Fa(z*) N
Fa(y*) =0 we must have

(3.19) % —y" = a.

We now show the inclusion in (ii). Take any y* € z* + «(B\ S), and assume that y* ¢
Usera(er) Na(z). This implies that for every z € Fa(2*), we must have y* & Na(z).
By Fact 3.4, we deduce that for every x € F4(z*), we must have « & F4(y*). In other
words, Fla(y*)NFa(z*)=0. By (i) and Proposition 3.12, we deduce that (3.19) holds.
This contradicts the fact that y* € 2* + a(B\ §). Therefore, y* € U, cp, () Na(@),
which completes the proof of (i) = (ii). d

Remark 3.21. In [17], a strict complementarity condition is used to ensure that
the SPP solves the linear programming problem mingea (z*, ), where A C H is a
polyhedron, z* € H \ {Ox}, and H is a finite dimensional space with dim#H = n.
This is established in [17, Theorem 1], whose proof relies on the following two key
conditions:

a. The minimization problem min,e 4 (z*,z) has a unique solution Z € A.

b. The normal cone N4(Z) has nonempty interior and —z* € int No(Z) (see

Figure 3.4(a)).

Condition 2 above implies that there must be at least n linear independent con-
straints that are active at Z, where n is the dimension of the primal problem. In
fact, let I(Z) be the set of active constraints at Z; then, the normal cone of A at Z is
N4 (Z) = cone[A* e |;c1(z). Since int N4 (Z) # 0, it follows that dim N4(Z) =n. There-
fore, |I(7)| > n, and there are n constraints i1,. .., i, € I(Z) such that A*e} ,..., A" e}
are linearly independent. Thus, any linear programming problem in R™ that satis-
fies the strict complementarity condition must have at least n linear independent
constraints. By Definition 2.8, a linear programming problem can only have a finite
number of constraints, and hence the aforementioned requirement may only work for
finite dimensions and will never hold in infinite dimensional case.

By contrast, for the sharpness condition to hold, neither condition 1 nor con-
dition 2 above is required. Instead, Proposition 3.20 shows that sharpness simply
requires —z* to belong to the interior of the union of all normal cones at every opti-
mal solution (see Figure 3.4(b), where condition 1 does not hold). Thus, the sharpness
property requires a much weaker version of condition 2. Furthermore, Proposition 3.14
proves that a polyhedron in an arbitrary Hilbert space is sharp with respect to ev-
ery unit vector; and we will show later in section 4.2 that the sharpness property
is enough to ensure that the minimization problem min,c 4 (x*,z) can be solved by
the SPP.

We next establish the connection between the sharpness property and the sub-
differential operator of the Fenchel conjugate of the indicator function at z*. Recall
that, for any proper Isc convex function f, the Fenchel-Young characterization of the
subdifferential is given as follows:

(3.20) z* €0f(z) = (z*,z) = f(x) + f*(a*) <=z € Df*(z*).
In particular,

(3.21) z*€df(r) = z*€dom f* and z¢&domf.
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A A
G Fa 7;:
Naz) @ | Na(z): |
& sz
(a) Strict complementarity condition in [17] holds: (b) Strict complementarity condition in [17] fails;
the normal cone N 4(Z) has nonempty interior and the set UzeFA(—z*) N 4(z) still has nonempty interior;
—z* € Ny(Z). and sharpness condition holds.

Fic. 3.4. Comparison between sharpness condition and strict complementarity condition.

Remark 3.22. Given a nonempty convex and closed set A, the Fenchel conjugate
of f(+) :=14(:), denoted by ca(-), is called the support function of A. Recall that
0f = Na and dom f = A. Applying (3.20) to this f and using the definitions, we
obtain

(3.22) frw)=oav)= sup (v, y).

Using (3.20) for this f, we obtain

(3.23) vENy(z)<=zxz € Aand (v,z) =04(v) <2 €Doa(v)
<= 004 (v) = Argmax 4 (v,-) = Fa(v),

where we also used (3.22) and Fact 3.4 in the rightmost equivalence. The equivalence
above also shows that D(do4) =R(N4) (see Definition 2.2(a)—(b)). These facts will
be used in the next result.

PrOPOSITION 3.23. Consider a nonempty closed convex set A of a Hilbert space
H. Fizx2* € SNR(N4) and a € (0,1]. Let 04(-) be as defined in (3.22). Consider the
following statements:

(i) The set A is a-sharp w.r.t. z*.

(ii) 0 #£0oa(v) CIoa(z*) for allvez* +a(B\S).

Then, (ii) implies (1). If A is bounded, then (i) implies (ii). In the latter situation,
0o 4(v) C Fa(z*) for allvex* + a(B\S).

Proof. For simplicity, denote B(a,2*) := a* + a(B\ S). The last statement will
follow directly from (ii) and the equivalence (3.23) for v :=z*. Indeed, the rightmost
expression in (3.23) with v :=z* gives Fy(2*) = doa(z*). Assuming that (ii) holds,
we will use Proposition 3.20 to show (i). More precisely, we will show that B(a,z*) C
Usera(er) Na(z) holds. Then, (i) will follow from the fact that part (ii) implies (i)
in Proposition 3.20. Indeed, taking v € B(«a,x*), we need to show that there exists
x € Fa(z*) such that v € Na(z). By (ii), we have o4 (v) # 0 and doa(v) C doa(x*).
Hence, we can write © € doz(v) = x € doz(x*) = Fa(z*). On the other hand, by
(3.23) we have

x € 0o 4(v) <= = € Argmax, ¢ 4 (v,y) <= v € Na(z).
Combining the rightmost parts of the two expressions above gives the following:
If ve B(a,z*) and x€doa(v), then x€ Fu(x*) and vée Ny(x).

Therefore, for every v € B(a,x*), there exists © € Fa(z*) s.t. v € Na(z). In other
words, B(a,2*) C U,ep, o+ Na(z). Proposition 3.20 (part (ii) implies (i)) now im-
plies that A is a-sharp w.r.t. x*. Assuming now that A is bounded, we will prove
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that (i) implies (ii). Namely, we will use the boundedness and sharpness of A and
Proposition 3.20 to show that (ii) holds. Fix v € B(«,z*). The nonemptiness of
00 4(v) follows from the fact that the set A is bounded and Fy(v) = doa(v) (from
the rightmost expression in (3.23) for v).

To show that 0o 4(v) C doa(z*), we need to show that Fa(v) C Fa(xz*). Suppose
to the contrary that Fs(v) ¢ Fa(z*). Hence, there is y € Fu(v) \ Fa(z*). Using
Fact 3.4, the latter means that v € Na(y) and z* € N4(y). Since (i) holds, we can
use Proposition 3.12 to write ||z* — v|| > d(z*, Na(y)) > a, which contradicts the fact
that v € B(a,z*). Therefore, we must have that F4(v) C Fa(z*), and hence (ii)
holds. a

Remark 3.24. We say that a proper Isc convex function f : H = R, is quasi-
polyhedral at T € dom f (see [8]) if there exists r > 0 such that 9f(x) C df(z) for all
x € T + rB. Furthermore, from [8, Proposition 3.4], if f is continuous at Z, then f is
quasi-polyhedral at Z if and only if f is conical at Z, meaning that there exist r > 0
and a sublinear function p : H — Ry such that f(z) = f(Z) + p(x — %) for every
x € T+ rB. Hence, Proposition 3.23 shows that A is sharp w.r.t. x* if and only if the
function o4 is quasi-polyhedral at z*; and if 0 4 is continuous at x*, then o4 is also
conical.

3.4. Metric characterizations. The sharpness property has a strong connec-
tion with regularity-type properties of sets. In particular, we will show in this section
that sharpness with respect to a vector x* is equivalent to the subtransversality prop-
erty (also known as metric subregularity; see [14, Definition 3.1] and [13]) between
the set A and its supporting hyperplane w.r.t. z*. Recall that, given two convex sets
A, B such that AN B # 0, the pair {A, B} is subtransversal if there is a € (0,1) such
that

ad(z, AN B) <max{d(z, A),d(z,B)} VxecH.

Remark 3.25. Note that the subtransversality property for the pair {A, B} is
equivalent to the property

(3.24) ad(z,ANB) <d(z,A) Vze€B.

Indeed, this follows from the fact that d(z, A) < max{d(z,A),d(x,B)} when x ¢ B.
The connection between subtransversality and sharpness arises when we specialize
(3.24) for the pair {A, F'} with F':= {z € H : (z",2) = sup,ec4 (v*,y)}. In this
situation, using the definition of F4(z*), (3.24) becomes

ad(z, Fa(z*)) <d(z,A) VYxeF.

The next result shows that subtransversality of {4, F'} is equivalent to the sharpness
of A.

THEOREM 3.26. Consider a nonempty closed convex set A of a Hilbert space H,
a vector * € S such that Fa(z*) # 0, and a € (0,1). Define the set F:={x € H :
(x*,x) =supy (z*,-)}. Assume that

(3.25) ad(z,Fa(z")) <d(z,A) VzeF,

and define v := a4 /1 — %oﬂ. Then, the set A is y-sharp w.r.t. vector x*. Conversely,
define f:=2a/(1 —«). If A is B-sharp w.r.t. *, then inequality (3.25) holds.
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R

F z x

F1G. 3.5. There is © € F such that y € Pa(z) and y — x € cone[y*].

Proof. We first assume that inequality (3.25) holds, and we now show that the
set A is y-sharp w.r.t. a*, where v := a/1— 1a2. Note that if the set A\ Fa(z*)
is empty, then F4(z*) = A. In this case, inequality (3.25) holds trivially for any
v € (0,1) in place of a. So it is enough to assume that A\ F4(«*) is not empty. By
Fact 3.4, in this case there is y € A such that 2* ¢ N4(y). Suppose that N4(y) # {0}
since otherwise it always holds that d(z*, Na(y)) =||z*||=1> « for all a € (0,1). So
we can take y* € SN Na(y), i.e., |ly*|| =1. We consider two cases.

Case 1. Suppose that (z*,y*) <0. Then, by Fact 2.11, d(z*, cone[y*]) =1 > «.

Case 2. Suppose that (x*,y*) > 0. We first show that there is an = € F such
that © — y € conely*] (see Figure 3.5), and so y is a projection of & onto A. This
is equivalent to the existence of ¢t > 0 and x € F such that x — y = ty*, or x =
y +ty* € F. By the definition of F, the claim above is equivalent to stating that the
equation (z*,y + ty*) = supy <xi‘, ) has a solution ¢ > 0. Because (z*,y*) > 0, and
y € A, the constant ¢ := Sup”“é&' ’“i>> @) i nonnegative and satisfies (x*,y + ty*) =
SUP,ea (¥, w). Therefore, x:= y7—|— ty* € F,and y = PA( . Hence, . —y € cone[y*] C
Na(y). Taking into account that ||y*|| =1, we have y* = ﬁ

Let z:= Pp, (;+)(z) be the projection of & onto F4(z*). Since z€ A and x —y €
Na(y), the following inequality holds:

(3:26) (r—y,z—y) <0.

Additionally, inequality (3.25) implies that « ||z — z|| = ad(z, Fa(z*)) = ad(z, ANF) <
d(xz,A) = |z — y||. Combine the expression above with (3.26) to obtain

o = 2I* = llz =yl +lly = 21* + 2@ = g,y = 2) = |2 — 91> + ly — I
> a? |l —2I|* + |ly — 2.
Therefore, (1 —a?) ||z — z|| > ||y — z||*. On the other hand,
] ||y—x||2+Hx—z||2—|\y—zu2)
>3 (ly = all® + llz = 21 = (1 = a?) o = 2/
=1 (e®lle =2 + = —y?).

(r—y,z—2)=

From y* = ﬁ, the inequality above, and the Cauchy—Schwarz inequality, we obtain

. Tz T—y T2 o?llz—zl  1lz—yl
Yy, = ) 2 a5 + - 2 «,
=2 lz =yl llz - =] 2 o=yl 2z -z
where the last inequality follows from the fact that n(t) := % + 2 7 over R, | attains

a minimum at ¢t* := 1/« and its minimum value is 1(t*) = a. On the other hand,
> =0. Combining

since both x,z € F, by the definition of F' we must have <x

_r—z
P lz—z|l

the latter equality with the last inequality yields <y* —x* 7> > «, which, by

RESE
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the definition of dual norm, implies that ||y* —z*|| > «. The latter inequality and
Fact 2.11 give

2
2+ |y || - ||x*—y*2>
2

d(x”, conely"])* =1 (y",27)* = 1- <|
>1-((2—0%)/2)" = 1/402(4 — o?),

where we also used the fact that ||z*|| = |ly*|| = 1. Altogether, in Cases 1 and 2,

we always have d(z*,conely*]) > ay/1 — %2, and because y* € SN Ny (y) is chosen
arbitrarily, we have

d(z*,Na(y)) = inf )d(x*,cone[y*]) >ay/1—2-=.

y*ESNNA(y

Consequently, we have proved that the set A is y-sharp w.r.t. vector z*, where
~v:=ay/1 —a?/4>0. To prove the converse implication, we assume by contradiction
that the set A is S-sharp w.r.t. a*, where 8 := 2a/(1 — «) and there is & € F' such
that ad(z, Fa(z*)) > d(Z, A). The strict inequality implies that there exists & € (0, a)
such that

(3.27) ad(z, Fa(z*)) > 6d(Z, Fa(z*)) > d(z, A).

Consider the closed half-space F':={z € H: (z*,2) >sup,c 4 (z*,y)}. Observe that
F =bdF', and Fg(z*) = ANF = ANF’', and for any = € F, we have Np/ (z) =
cone[—z*]. Set § := d(Z, Fa(z*)). Since T € F, inequality (3.27) implies that § > 0
and T & A. Let §:= Pa(Z), so d(Z,A) = ||z — g|| > 0. With this notation, inequality
(3.27) becomes

(3.28) ad>a&d > ||z — gl

We claim that (3.28) implies that § ¢ Fa(x*). Indeed, if § € Fa(x*), then the

definition of ¢ yields 6 = d(Z, Fa(z*)) <[|Z — g|| < @d < §, a contradiction. Therefore,

our claim holds and g ¢ F'a(z*). Take now  := Pp, (,+)(7). By the triangle inequality,
A, Fa@™)) =g =yl = Iy — 2| - 1|2 — gl = d(2, Fa(z")) = |z = gl > (1 — )6,

where we used the definition of y in the first equality, the fact that y € Fa(z*) in the
second inequality, and (3.28) in the last inequality. Set ¢ := (1 —a)d. Using the above
expression and the definitions of F’ and 4, we derive

(3.29) d(ij, Fa(x*)) = d(5j,ANF') > 6.

With this notation, &d = % and the second inequality in (3.28) rewrites as
(3.30) (a)/(1 =) > ||z =gl

Define the function f:H? — Ry as

(3.31) fl@y) =z =yl +1p () + 1aly), (z,y) €H”

We now use (3.30) and the Ekeland variational principle, Lemma 2.10, for X := H?
equipped with the max norm ||(z,y)|| := max{||z|, ||y}, and ¢ := f. As mentioned
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( 1), the corresponding dual norm is ||(z,y)|« = ||| + |ly||. Recall that (z,7) €
"x A, so f(z,7) = ||z — y||. This fact combined with (3. 30) and the definition of f7

gives infyx f(2,y) > 0> f(Z,7) —
oas

variational principle with € := = Goa) and w = (T, y) We apply the principle for the

choice \:=4, for which there e>glsts (z,4) such that the following hold:

() [l - 2]l <. 1l <

(i) f(2,9) =2 -9l < f(@,9) =z -l
Moreover, our choices imply that ¢/A = &/(1 — «). Altogether, condition (iii) in
Lemma 2.10 with the max norm implies that for every H? > (z,y) # (#,7) we have

(332 f@8) < J(ey) + gl max e — 2]y — ]} = hle.y).

The above inequality implies that (,7) € F’ x A. Consequently, the following state-
ments hold:
(I) By (3.29), we have that d(jj, ANF’)>6. Using also (i) and the fact that
d(z, AN F') = §>6, we have &, ¢ AN F'. Indeed, if we would have
&€ AN F', then this fact would imply that 6 < d(z,ANF') < ||z —Z]|,
contradicting (i). A similar expression, mutatis mutandis, can be used to
show that ¢ AN F".
(IT) Because § € A, & € F’, by (I) we must have & # . The latter fact and (ii)
yield f(z,9) > 0.
(III) By (II) and Remark 2.5, we write the subdifferential of f as the sum of the
subdifferentials at (&,7),

0 (@,9) = 01/ (2,9) x 02/ (.9) = (=l + Niv(@), =2y + Na(@) )

where 01 and 0y stand for the partial subdifferentials w.r.t. the first and
second variables, respectively. Each of the partial subdifferentials exists due
to the continuity of the first term in (3.31).
(IV) By (3.32), it is clear that (Z,9) is the global minimizer of h.
By (IV), we have that 0 € Oh(Z,9). To compute the subdifferential of h, we note that
the second term in (3.32) is continuous everywhere. Hence, the subdifferential of h
can be expressed as the sum of the subdifferential of f plus the subdifferential of the
second term in (3.32). To write down the inclusion 0 € Oh(z, gj) we use Remarks 2.5
and 2.6 to write 0 € (”m o+ Nev (), ﬁ +NA(Q)> + o Q)B;‘_Lz, where the ball
in the rightmost term is the one induced by the sum norm as given in (2.2). The
inclusion above and the definition of the dual ball give

@ (=5 Ve (@) + d (50 Na (@));d/((l (|§;5|’ Tty )  Nev(@) x Na(i))

where we are using the definition of the sum ball (see (2.2)) in the first equality.
Note also that 2 € F' = {z € H : (2*,2) > sup,c4 (z*,9)}, so Np/(&) = cone[—z*]
if # € F = bdF’, and Np/ (&) = {0} otherwise. This gives Np/ (&) C cone[—z*].
Therefore,

(3.33)
4 Na@) +d (i, conela”]) id/(lﬁglvNA@)) +d (=g N (@)
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To simplify notation, call wg := ﬁ By the triangle inequality, we have
(3.34) A", Na(@)) < 1" —woll +d (wo, Na())

We claim that

(3.35) d (wo, cone[z*]) > 1 ||2* — wo| .

Indeed, from Fact 2.11, we have d (wo, cone[z*])> = 1 —max (0, (z*,wp))? . We consider
two cases:
1. If (x*,wo) < 0, then d(wo,cone[z*]) = 1, and by the triangle inequality,
lwo — z*|| < |lwo| + ||z*]| = 2 = 2d (wo, cone[z*]), as claimed in (3.35).
2. If (z*,wp) >0, then

d (wp, cone[z*])* =1 — (2%, wo)® =1/2 (1 + (z*,wo)) (2 — 2 (z*,wp))
>1/2(2 = 2" wo)) =1/2 (12" I* + o I* — 2 2", o) )
=1/2|lwo — z*|1%,

where we used (1 + (2*,wp)) > 1 in the inequality and the fact that ||x*| = ||wo|| =1
in the third equality. The above expression yields d (wo, cone[z*]) > % lwo — x*|| >
2 |lwo — 2*||. In both cases, we proved that (3.35) holds. From (3.34), we have

(", Na(§)) < ||* — woll + d (wo, Na(9)) < 2d (wo, cone[z™]) + d (wo, Na (7))
(3.36) = [d (wo, cone[z™]) + d (wo, Na(9))] + d (wo, cone[z*])
<a/(l—a)+a/(1—a)=2a/(1—a)<2a/(1—a),

where we used (3.34) in the first inequality and (3.35) in the second one. For the
last inequality, we used (3.33) for the expression between square brackets, and for the
remaining term we used the fact that disregarding the first term in (3.33) implies that
d (wo,cone[z*]) < &/(1 — ). From (I), we have § ¢ ANF' = ANF = Fa(z*), and
so by Fact 3.4 it holds that a* ¢ N4(§). By the S-sharpness of A w.r.t. z* and the
assumption on 3, we deduce that d(z*, NA(9))> 2a/(1 — ) = 8, contradicting (3.36).
This implies that inequality (3.25) holds. |

The following result from [16] is a characterization of subtransversality. We will
use this result to formally express the connection between subtransversality and sharp-
ness.

LEMMA 3.27 (see [16, Theorem 3.1], Subtransversality). Suppose X is a normed
linear space, A, B C X are nonempty closed convex sets, and AN B # 0. The pair
{A, B} is subtransversal if and only if there exists a number o € (0,1) such that

(3.37) ad(z,ANB)<d(z,A) VYxeB\A.

Theorem 3.26 and Lemma 3.27 yield the following result.

COROLLARY 3.28. Consider a nonempty closed convex set A of a Hilbert space
H, and a vector x* € S. Then, A is sharp w.r.t. * if and only if the pair {A, F'} is
subtransversal, where F:={x € H : (x*,z) =supy, (z*,)}.

Proof. Suppose {A, F'} is subtransversal. Then, from Lemma 3.27, we have that
(3.37) holds for some a € (0,1). By Theorem 3.26, the set A is o'-sharp w.r.t. z*,
where o := ay/1—1/4a? € (0,1). Conversely, assume that A is a-sharp w.r.t. a*
for some « € (0,1). Then, by Theorem 3.26, we have o/d(x, AN F) < d(z, A), for all

z € F, with o’ := 32~ € (0,1). Note that
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/ N_o @/24a) a
2O(/(l_a)_21—oz/(2—&-oz)_22—|—oz—a_a

Because o € (0,1), and from Lemma 3.27, we conclude that the pair {A, F'} is
subtransversal. a

4. Optimization problems under sharpness condition. We consider now
constrained convex problems of the following type:
(CP) min f(),
where f : H — R, is a proper lIsc convex function and A is a nonempty closed
convex set. We provide in this section sufficient conditions under which the SPP
can solve problem (CP). As expected, the sharpness condition plays a crucial role
in our analysis. Namely, under the sharpness assumption, if (i) b ¢ A, and (ii) the
difference (inf,c4 f) — f(b) is sufficiently large, then P4(b) solves problem (CP). In
such a situation, instead of solving problem (CP), we can solve the (hopefully) simpler
problem of finding P4 (). Before establishing the main results of this section, we first
find an upper bound on the distance between a point and a set using normal cones.

4.1. Upper bound on the distance. Given a set A and a point b ¢ A, how
can we estimate the distance d(b,A)? We address this question next; our analysis
holds in a general Banach space (not necessarily Hilbert). A main tool in our proof
is again the Ekeland variational principle. In the result below, we denote by Blp,b]
the closed ball of radius p and center b and by B(p,b) the corresponding open ball .

THEOREM 4.1. Consider a Banach space X, a nonempty closed convex set A,
points a € A, b¢ A with p:=|la—b||, and € > 0. Then, d(b,A) <|la—b|| — & if there
is 0 > 0 such that

(4.1)
inf {d(z*,Na(z)): ||z*|| =1, (z*,b—z)=||b— x|, z € Blp,b]N B(d,a) N A} >¢/é.

Proof. Assume (4.1) holds for some €, > 0. For contradictory purposes, assume
also that ¢ is such that d(b, A) > |la —b|| —e. Consider the function f : X — R
defined by f(y) == [ly —bll + La(y) = @u(y) + La(y). Here, pp(y) := [ly — b[| as in
Remark 2.5. Then, the assumption on e implies that f(a) = |la —b|| < infa f + €.
Take 0 < ¢’ < e, such that infs f+e > infa f+¢& > f(a). By Ekeland’s variational
principle (Lemma 2.10) applied to @ :=a, ¥ := f, e :=¢’, and X := §, there exists a
vector & € AN Bs(a) such that

(4.2) f(&) < f(a),

(4.3) f@)<fly)+e/olly—2| VyeA

Due to (4.2) and a € A, we have that £ € A and ||Z — b|| < ||a — b|| = p, or & € ANB|p, b].
Define h(y) := %/ ly —Z||. By (4.3), it follows that & is a global minimizer of the
sum function f + h, and hence the definition of subdifferential yields the inclusion
0€0(f+h)(&)=0f(&)+ Oh(z). Note that the subdifferential sum formula can be
used to differentiate (f 4+ h) because h is continuous everywhere. By Remark 2.5,
Oh() = S B*, and we obtain 0 € dpp(2) + 1 a(%) + Ih(E) = dpy(&) + Na(z) + 5 B*.
Therefore,

(4.4) [005(&) + Na(&)] N (5B%) # 0.
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Furthermore, since & € A, we have that ¢,(%) = ||& — b|| > d(b, A) > 0. By [21, Corol-
lary 2.4.16] and the chain rule, we have Oy (&) = {z*: (z*,& —b) = || —b]|, ||l=*|| =1}.
Altogether, by (4.4) there is z* € (—0pp(Z)) such that d(z*,Na(z)) < %/ < 5,
where the first inequality holds because, by (4.4), there exists u € N4(Z) such that
(u—ax*) € %B*, and the last one holds because ¢/ < e. Noting that (4.1) holds,
and using the fact that x* € (—90¢u(2)), ie., ||Jz*|| = 1,{(z*,b—12) = ||b—Z||, and
& € Blp,b]N B(d,a) N A, we can write

e/d< inf{d(x*7NA(x)) et =1, (e b—x)=|b—z],
ve B[p,b]ﬂB(é,a)ﬂA}<5/5,
which is a contradiction. O

When the space X is Hilbert, Theorem 4.1 can be simplified as follows.
COROLLARY 4.2. Suppose A is a closed convez set of a Hilbert space, a € A, b¢ A
with p:=lla —b||, and e > 0. If there is § >0 such that the following inequality holds,

(4.5) inf {d (ﬁ NA(;U)) .z € Blp,b|N B(6,a) N A} > /6,

then d(b, A) < |la —b|| — €.

Proof. In a Hilbert space, the element z* we find in the proof of Theorem 4.1 can
be taken as ™ := (& — b)/||Z — b]|, so the expression in (4.1) becomes (4.5). 0

Remark 4.3. The aim of Corollary 4.2 is to establish a sufficient condition for a
being “far enough” from being a projection of b onto A. Note that a = P4(b) if and
only if b—a € N4(a). Equivalently, d(ﬁ, Na(a)) =0. Hence, to ensure we are far
from the latter situation, we require (4.5) to hold, not merely at a, but at every point
x € Blp,b]NB(d,a)NA. We quantify this property by showing that if (4.5) holds, then
we must have [|a —b|| > d(b,A) + €. The latter, in turn, means that the difference
lla — b|| — d(b, A) is bounded from below by a constant €. Note also that the opposite
inequality to (4.5) is the optimality condition for e-projections, where the later define
points in A that are within distance d(b, A) 4+ ¢ from b. Geometrically, (4.5) ensures
that the cosine of the angle between b—x and a vector in N4(z) is always bigger than
a positive constant § > 0, where = € B|p,b] N B(d,a) N A. Figure 4.1 illustrates an

example on estimating the distance from a point to a set.

Since the projection of b onto A is an element a € A such that d(b, A) = |la—b||, an
e-projection of b onto A can be understood as an element a’ € A such that d(b, A) >
|la" — b|| —e. This motivates the following generalization of Theorem 4.1 to the case
of an e-projection.

F1G. 4.1. The distance from b to the set A is bounded above by ||b — a|| — da (so e =da). Here,
v is the smallest angle between vectors x — b and normal cone Na(z) for x € A, a = cos(vy), and §
is the size of the neighborhood around a; i.e., we are taking x € AN Bs(a). Note here that we only
consider x € AN Bs(a) such that ||z — bl < ||b—al|.
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COROLLARY 4.4. Consider a Banach space X, a nonempty closed convex set A,
b¢ A, ac A, p=|la—1|, and e >0. For any given 6 >0, define the set

C):={(z,2") e X xX*: z€ B[p,bjNnB(d,a) N A and ||z*||=1, (z*,b—z)=|b—2x||}.

Assume that a is an e-projection of b, in the sense that ||a —b|| < d(b, A) +¢. Then,
for every 6 >0, there exists (xo,x8) € C() such that d(xf, Na(zg)) <e/d.

Proof. Assume that the conclusion of the corollary is not true. Namely, assume
that there is § > 0 such that for all (x,2*) € C(J) we have d(z*, Na(x)) > 5. Hence,
inf (; z+yec(s) d(z*, Na(x)) > 5, which, by the definition of C(¢), is exactly (4.1). By
Theorem 4.1, we must have ||a — b|| > d(b, A) + €, contradicting the fact that a is an
e-projection of b. ]

4.2. Solving problems with SPP: The case with a linear objective. We
start this section by considering the following minimization problem with a linear
objective:

(P) min (x*, ),

z€A

where z* € § and A is a closed convex set. Denote by S the set of solutions of
problem (P). We assume that S # (). The optimality conditions for problem (P) imply
that S = {z:0€2* + Na(z)}. The following theorem shows that problem (P) can
be solved by projecting an infeasible point onto the feasible region A if the set A is
sharp. We will use the following fact, which is a consequence of Fact 2.11. For any
P, q nonzero vectors, we have

(4.6) d(p, conelq]) = d(q, cone[p]).

THEOREM 4.5. Consider a nonempty closed convex set A of a Hilbert space H and
a vector x* € S. Suppose that A is a-sharp w.r.t. —z* for some a € (0,1]. Suppose
also that v € H satisfies following conditions:
1. (x*,v) <infyea (z*,x);
2. (1—(a/2)?)d(v,A) <infgea (z*,x —v).
Then, the projection of v onto A is a solution of problem (P).

Proof. Suppose to the contrary that there exists v € H satisfying conditions 1
and 2 such that the projection of v onto A is not a solution of (P). Since A is a-sharp
w.r.t. —2*, we have

inf d(—x*,Na(x)) > a.
(4.7) pen 2 o X (@) 2
Take y = P4 (v); then v—y € N4 (y). Because y is not a solution of the convex problem
(P), we must have 0 ¢ *+ N4(y). From (4.7) and the fact that —x* ¢ N4(y), we have
d(—x*,Na(y)) > a > 0. Combining this inequality with the inclusion v —y € Na(y)
yields

g0 *1) =d(z*, cone[y — v]) = d(—z*, cone[v —
@8) (2 conela']) = d(a” conely ~ o) = d(~a conels 3]

>d(—z",Na(y)) > o,

where we also used (4.6) in the first equality. Consider the closed half space F' :=
{reH: (z*,x —v) <0}. From condition 1, (z*,v) < inf,c4 (z*,z), and hence the
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sets A and F are disjoint, i.e., A N F ={. Now, we are going to apply Corollary 4.2.
Namely, we will show that (4.5) holds with lower bound «/2. Indeed, we apply this
corollary to the set F', v € F, and y ¢ F to estimate the distance d(y, F') relative to
lv—y|. Setting § := (a/2)||v —y]|, and p:=||v — y]|, we claim that

(4.9) inf{d(uy < Ni(z )) : zeFmB(a,u)mB[p,y]}za/Q.

Indeed, take z € F'N B(d,v) N Blp,y]. We consider two cases.
Case 1. If z € int F, then Ng(z) = {0}, and hence d(l\y Z”,NF( )) =1.

Case 2. If z ¢ int F', then the definition of F' implies that Np(z) = cone[z*]. Since
z € Blp,y], we use (4.8) to write

y—z y—z
d (7Np(z)> =d (,cone[m*])
ly — =l lly — =]
y—=z g% :Hy_v|d< Yy—=z ,cone[x*])
ly =zl \lly —v|

ly — 2|

d(y_z,cone[x*]>:d< you o, o2 ,Cone[m*])
ly = vl ly —oll - lly =l

in
t>0

S ORIt | I | I Vo | D (]|
20 || ly=v[|  [ly—v] — 0| ly—v]| ly — |l
y—v v —z||
d< cone[x*]) >a—a/2=a/2,
ly =’ lly =l

where in the fourth equality we used the change of variables t — ¢ :=t|ly — 2| /||y —v||,
and we used the fact that |y — z|| < p = ||y — v|| in the first inequality. As for the
last inequality, we use (4.8) for obtaining the lower bound of the first term. For the
second term, recall that z € B(4,v), so ||v—z| < = (a/2)]|v —y||. These establish
the last inequality. Hence, our claim (4.9) holds. By Theorem 4.1, we have

(4.10)
d(y, F) < |ly = v]| = (2/2)6 = |y — vl = (@/2)* ly —vll = (1 = («/2)*) |ly — v]|-

To arrive at a contradiction, we will use condition 2. Suppose w € F is the pro-
jection of y onto F'; then, y —w € Np(w). By the definition of F', we know that
Np(w) = cone[z*]. Hence, z* = (y — w)/||ly — w|| and therefore d(y, F) = ||y — w| =
(x*,y — w). Taking into account that z* € Np(v) N Np(w), we obtain (x*,w —v) <0,
and (z*,v —w) <0, and hence (x*,w —v) = 0. From the previous equality d(y, F') =
(x*,y —w), we have (z*,y —v) = (z*,y —w) + (", w —v) = (z*,y —w) =d(y, F). So,
the following estimation holds:

inf (%0 ) < (o, y =) =d(y, F) < (1= (/2)%) |y = v]| = (1 - (a/2))d(v, 4),

where we also used (4.10) in the second inequality and the definition of y in the last
equality. The above expression contradicts condition 2. Therefore, we must have that
P4 (v) solves problem (P) . O

As a consequence of Theorem 4.5, if A is a-sharp w.r.t. a vector —z*, problem
(P) can be solved by projecting onto A an infeasible point v s.t. conditions 1 and 2
hold (see Figure 4.2). Hence, it is important to be able to construct such vectors. It
is clear that condition 1 in Theorem 4.5 follows from condition 2. The next lemma
shows that, once we have a vector verifying condition 1, we can always construct a
translation of the vector that verifies condition 2.
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*

F1c. 4.2. Illustration of Theorem 4.5: the set A is sharp w.r.t vector —z*. Vector v satisfies
conditions 1 and 2, and hence the projection P4 (v) of v onto the set A is the solution of the
minimization problem inf 4 {x*, ).

LEMMA 4.6. With the notation of Theorem 4.5, assume that v € H verifies con-
dition 1 and fix o € (0,1]. Assume that condition 2 with parameter o does not hold
for v. Define

(1= (/2)*)d(v, A) — 6(v)
(a/2)? '

Then, 8(v) >0 and po > 0. Moreover, if p > o, then u:=v — ux* verifies conditions
1 and 2 from Theorem 4.5.

(4.11) 6(v):= inf

(z*,x —v), and po:=

Proof. The fact that 6(v) > 0 is equivalent to the validity of condition 1 for v, so
it holds by assumption. The fact that ug > 0 is equivalent to the assumption that v
fails to verify condition 2 for the given a. Altogether, we have that

(4.12) 0<0(v) < (1— (a/2)?)d(v, A).

We proceed to prove that conditions 1 and 2 hold for u if p > pg. Use the definition
of 8(v) to write, for all x € A, (z*,x —u) = (x*, 2 — (v — pz*)) = (X, 2 —v) + p >
0(v) + p > > 0, where we used the definition of w in the first equality and the fact
that * € S in the second one. Therefore, inf e 4 (x*, 2 —u) > p >0 and condition 1
holds for u. The above expression also yields

(4.13) (" x—u)y>0(W)+pu>0

for all x € A. Let us check now that condition 2 holds for u. Using again the fact that
x* €S gives
(4.14)
d(u,A) =d(v — px*, A) = inf |jv — pa* — 2| < inf ||jv —z|| + pl|lz*|| = d(v, A) + p.
T€A T€EA

Using the definition of pg, we rewrite the inequality p > pg as

(0/2)* 11 +6(v)
(1-(/2)?)

Using (4.15) in (4.14) yields d(u, A) < d(v, A) + p < ©LZE00) 4y — 1000 <

(4.15) d(v,A) <

ﬁ(j/‘;g, where we also used (4.13) in the last inequality. Since the above inequality
holds for every x € A, we deduce that condition 2 holds for u. 0

The argument in Lemma 4.6 is the main idea behind the next proposition. Namely,
if a vector v € ‘H satisfies condition 1 and not condition 2, then we translate v by a
large enough multiple of —z*, so that condition 2 holds for the translated vector.
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PROPOSITION 4.7. Consider a nonempty closed convexr set A of a Hilbert space
H and vector x* € S such that the set A is a-sharp w.r.t. —x* for some a € (0,1].
Consider v € H such that (x*,v) <mingea (x*,2). Then, the projection of u:=v—px*
onto A, where p > 4o d(v,A), is a solution of (P).

a2

Proof. The proof follows by noting that 4;2‘)‘2 d(v,A) = 1?@572/)22)2 d(v, A) > ug, with
o as in Lemma 4.6. Using the lemma, we see that u verifies conditions 1 and 2 in

Theorem 4.5. Therefore, the claim follows directly from the theorem. 0
We illustrate Proposition 4.7 with the following two examples.

Ezample 4.8. Consider problem (P) with H = R?, z* = (0,1), and A := {x €
R? : Az < b}, where A = [} Z1] and b = (0,0). Our first task is to determine
the modulus of sharpness of A. It is easy to check that, for every x € bdA, we have
Ny(z) = cone[(—1,-1)] =: K7 if 1 <0, and Na(z) = cone[(1,—1)] =: Ky if 21 > 0,
and N4 (x) = cone[(—1,-1),(1,—-1)] if z; =0, which can be graphically verified from
Figure 4.3. Note that we have —z* & N(z) if and only if 1 # 0. Using (4.7) in
Theorem 4.5, we have

inf  d(—z* Na(z)) = min{d(—z*, K1), d(—z*, K3)} = V2/2 = 2(v/2/4).

z€A
—2"¢Na(z)

Hence, (4.7) holds with a := v/2/2. Consequently, zo will solve (P) if it verifies
conditions 1 and 2 in Theorem 4.5. If only condition 1 holds, then we can use Propo-
sition 4.7 and find pg s.t. Pa(zg — px*) solves the LP for p > pg. For instance, take
xo:=(—1,—1/2). Tt is easy to check that z( verifies condition 1 in Theorem 4.5, but
not condition 2, and that d(z¢, A) = 3v/2/4. With the notation of Proposition 4.7
and o = v/2/4, we need to take p such that p > d(zg, A)(4 — a?)/a® = 21/2/4.
Take p = 10 > 21v/2/4. So u = mg — px* = (—1,(=1/2) — 10) = (-1,-21/2)
with P4 (u) = (0,0), the solution of (P). An illustration of this example is shown in
Figure 4.3.

Ezample 4.9. Consider problem (P) with # = R3, z* = (0,1/v/2,1/v/2), and
A:={z € R? : Az < b}, where A = —I and b = (0,0,0). Namely, A =R3. The
solution of (P) is the set Ry x {0} x {0}, and zero is its optimal value. Again,
we first determine the modulus of sharpness of A. It can be checked that the
only cases in which —z* € Nu(z) for ¢ € bdA is when z; > 0 and 2 = z3 =
0. Hence, we need to compute d(—x*,Na(x)) for = in the following set: T :=

A={z:Az <b}

A={z: Az <b}

Zo

F={z:(z*z) <M} l

F1a. 4.3. Lllustration for Example 4.8: (left) the disjoint sets A and F' and (right) the projection
of the point xo — px™ onto A is the unique solution, Z, of the LP.
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{z € bdA : x1 > 0 and 9,23 are not simultaneously zero}. It can be checked that
infyer d(—2*, Na(x)) = 1/\/5, so (4.7) holds with a :=1/v/2. Take xg := (1,—1,0);
then d(zg, A) =1, and z verifies condition 1 in Theorem 4.5 but not condition 2. With
the notation of Proposition 4.7, we need p such that p > (4 —a?)/a%d(xg, A) = 7.
Take j=7v/2 s0 u:=x — px* = (1,—8,—7) with P4 (u) = (1,0,0) a solution of (P).

4.3. SPP for a general case. We extend next Theorem 4.5 to a problem where
the objective function is an arbitrary convex lsc function f :H — R. Namely, we
consider the convex problem
(CP) min f(),
where A is a closed and convex set. For this problem, we will assume that f and A
are such that O(f +14) =90f + N4 over dom f N A. The latter is true, for instance,
when some standard constraint qualification holds (see [2, Corollary 16.38]), e.g., when

int ANdom f # () or int (dom f) N A # (). The function f4 := (f + 14) will have a
crucial role in the next result. Note that

(4.16) epifa={(z,t) EAXR: f(x)<t}=(AxR)Nepif.

By imposing a sharpness condition on the set epi f4 w.r.t. the vector (0y,—1), we
can recover a solution of problem (CP) by using Theorem 4.5 in the extended space
H x R.

THEOREM 4.10. Suppose the convex problem (CP) has solutions with optimal
value M :=1inf,c 4 f(x) and a nonempty set of optimal solutions denoted by S. Assume
that the following conditions hold:

(i) The set epifa =: A given in (4.16) is a-sharp w.r.t z* := (04, —1) for a €

(0,1).
(i) Let (v,t) € H xR be such that
(a) t< M, and .
(b) (1= (a/2)2)d((v,), ) < (M —t).
In this situation, consider P;(v,t) = (w, f(w)). Then, w €S, and hence f(w) =M.

Proof. With the notation of (i), problem (CP) is equivalent to the following
problem:

(EP) (wed

which has the same optimal value as (CP) and a linear objective ¢ : H X R — R
defined as ¢ (z,s) := s = ((0x, 1), (z,s)). Note that (EP) is an optimization problem
with a linear objective and by (i), its constraint set is 2« sharp w.r.t. z*:= (0y, —1).
Take ¥ := (v,t) € H x R verifying assumptions (a)—(b). We claim that this implies
that conditions 1 and 2 in Theorem 4.5 hold, with z* := (0y,1), and A:= A. Indeed,
condition (a) rewrites as ¢ = ((0,1), (v,¢)) <M =infa f(z) =inf, .5 ((0,1),(z,s)),
which is condition 1 in Theorem 4.5 for ¢ := (v,t) and z* := (0y,1). Condition
2 in Theorem 4.5 follows directly from (b) and the definitions. Therefore, we are
in conditions of Theorem 4.5, and Pj(v,t) solves (EP). By [2, Proposition 29.35],

—w

P;(v,t) = (w, f(w)), where w € A is the unique solution of the inclusion (fz()wﬁ €
O0f(w). Note that t < M < f(w) so (f(w) —t) > 0. Since Pz(v,t) = (w, f(w))
solves (EP), this means that f(w)= M and since w € A we must have w € S. |
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Remark 4.11. We give in Proposition 3.15 a necessary and sufficient condition for
assumption (i) in Theorem 4.10 to hold for f4.

Remark 4.12. Let A be a closed and convex set, and assume that fa:= f+ 14
is polyhedral. By Corollary 3.18, we know that there exists a < 1 such that property
(3.9) holds for 8 := a/v1—a?. The latter fact, combined with Proposition 3.15,
imply that epif4 =: A is a-sharp w.r.t. (0z,—1). Hence, we are in the situation of
Theorem 4.10. Therefore, if (v,t) is such that ¢t < M and (1 —a?/4)d((v,t),A) <
M —t, then P;(v,t) = (Z, f(Z)) is such that Z solves (CP).

The following result considers problem (CP) on its own and establishes a sharp-
ness condition under which a projection onto A solves (CP).

THEOREM 4.13. Suppose that the convez problem (CP) has a solution, and denote
by S the set of optimal solutions, and o € (0,1). Assume that the following conditions
hold:

(i) With the convention inf ) = +oo and ﬁ =0,
d(—2"/||z*[|,Na(x)) = o> 0.

inf
(4.17) xeA\S,m*lgaf(y)’yES

(ii) There is v € H such that the following hold:
(a) f(v) <infgea f(x); and
(b) (1—(a/2)*)d(v,A) <infoea f(z) — f(v).

In this situation, the projection of v onto A solves problem (CP).

Proof. Our assumption on problem (CP) implies that, at a solution Z € S, there
exists z* € Of (Z) such that —z* € N4(Z). By (i), we know that «* # 0; otherwise, the
left-hand side of (4.17) equals 0. Letting M :=inf 4 f, we consider the sublevel set of
fat value M: F:={xe€H: f(x) < M}. Then, it is clear that AN F =S, the set of
optimal solutions of problem (CP). From z* € (—N4(Z)) N df(Z), we have

(4.18)
(0 —Z)>0VzeA and 0> f(z')—M=f(z")— f(z)> (z*,2' —T) Va' € F,

where the first inequality in the rightmost expression follows because ' € F and
Z €S. In other words, z* separates the (closed and convex) sets A and F. Therefore,
ANF =S C {x: (z*,z) = (z*,Z)}. In particular, this implies that (z*,z —Z) =0
for all z € S. Take now any y € A, z € S. Use the left-hand side of (4.18) and
(x*,2 —Z) =0 to deduce that (—2*,y — z) = (—z*,y — Z) + (—z*,Z — z) <0, and so
—x* € Na(z), for all z€S. The inclusion above implies that (z*,z) < (z*,y) for any
y€ A, z€S. In other words, S C argmin 4 (z*,-). Namely,
Sc{zeA: (z%2z) <(z*y) Vye A}
—{s€A: (—a"2) > (~2",y) Vy€ A} = Fa(—a"),

and therefore A\'S D A\ Fa(—z*). Combining the latter inclusion with inequality
(4.17) yields

inf d(—z* I, N > o
(4.19) pea L d=2/N27] Na(#)) 2 o
The expression above means that A is a-sharp w.r.t. vector —z*/ ||x*||. Take v ¢ A
such that f(v) < M and d(v,4) < % Namely, v verifies condition (ii). By
construction, v € F, and using this fact in the rightmost side of (4.18) yields (z*,v) <
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(x*,Z) + (f(v) = M) < (z*,Z) <infreca (x*, ). Hence, (z*,v) <inf,ca (z*,x), and so
v verifies condition 1 in Theorem 4.5. We also have that «* € 9f(Z), so

(4.20) (z%,7) — (z",v) 2 f(Z) — f(v) =M — f(v) >0,
where we also used the fact that f(z) = M. By the definition of v, we have

M — f(v) < (z*,Z) — (z*,v) _ infrea (z*, ) — (x*,0)
1—(a/2)2 = 1—(a/2)? 1—(a/2)? ’

d(v,A) <

where we used (4.20) in the second inequality and the fact that z € S C argmin 4 (x*, )
in the equality. The expression above implies that v verifies condition 2 in Theo-
rem 4.5. Since v satisfies both conditions in the theorem, we deduce that P4(v) is a
solution of inf,¢ 4 (z*,2). Equivalently, P4 (v) € Fa(—z*).

To complete the proof, we will show that S = Fa(—2*). This will establish
that Pa(v) € S, as wanted. We already know that S C Fs(—z"), so it is enough
to show that S D Fy(—2*). Indeed, assume that there is z € A\ S such that
z € Fa(—x*). The fact that z € F4(—z*) means that (z*,2) = mingea (z*,2), or
equivalently, —z* € N(z). The latter inclusion gives 0 = d(—x*/||z*||, Na(z)) >
inf  geas  d(=z*/|lz*||, Na(x)) > a >0, where we are using (4.17) and the fact

z"€0f(y),yES
that z€ A\S and z* € 9f(Z) with & €S in the first inequality. The above expression

entails a contradiction, and hence we must have S = F4(—z*). Therefore, our claim
is true and Py (v) € Fa(—2*) =S, and thus P4(v) solves problem (CP). 0

5. Conclusions and open questions. In this work, we introduce the notion
of a sharp set and use it to analyze the single projection procedure for solving convex
optimization problem. To conclude, we outline the directions for future work.

1. The paper [3] proved the finite convergence of projection-type methods (e.g.,
alternating projections method, Douglas—Rashford) between a closed half
space and a polyhedral set for the cases when the two sets do not intersect.
However, the authors in [3] do not provide an estimation of how many steps
are required for the convergence. Can Theorem 4.5 be used to estimate the
number of steps required for convergence of the projection-type algorithms
analyzed in [3]?

2. The same results in Theorem 4.5 still hold for small perturbations of the
linear function, namely #* € H with [|Z* — 2*| small enough so that &* €
int U;ceFA(x*) Na(z). This allows inexact projections, reducing the computa-
tional effort. This observation is not trivial for nonlinear functions. However,
it is worth noticing that the SPP may ensure finite termination for nonlinear
problems with inexact gradient oracles, provided that we consider an oracle
with small error and implement projections with sufficiently high accuracy
as a finite operation. The precise conditions for ensuring these properties are
the topic of future research.

3. Bundle methods [18] are designed to minimize nonsmooth convex functions.
These methods approximate the original function by a suitable piecewise func-
tion, and the iterates are minimizers of these approximations. Since these
approximations have a polyhedral epigraph, they will always be sharp sets
(i.e., condition (i) in Theorem 4.10 will always hold for some a > 0). So, if
the modulus of sharpness of the current approximation is known, conditions
(a)—(b) in Theorem 4.10 could potentially provide a simple way of computing
the iterates.
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4. From Proposition 3.12, for any polyhedral set, there is a > 0 such that it is
a-sharp w.r.t. every unit vector. It is interesting to ask whether the converse
statement is true, namely: if a set is a-sharp w.r.t. every unit vector for some
a >0, then is it true that the set must be polyhedral?
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