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�¥§î¬¥. �«ï ¢§¢¥è¥®£® ç¨á«  ãáâ®©ç¨¢®áâ¨ ¥®à¨¥â¨à®¢ ®£® £à ä 
G = (V, E) ¯®áâà®¥  ¢¥àåïï ��-®æ¥ª , ª®â®à ï à ¢  ®¯â¨¬ «ì®¬ã § ç¥¨î
æ¥«¥¢®© äãªæ¨¨ ¢ § ¤ ç¥ «¨¥©®£® ¯à®£à ¬¬¨à®¢ ¨ï á ç¨á«®¬ ¯¥à¥¬¥ëå
|V | + | �E| ¨ ç¨á«®¬ ®£à ¨ç¥¨© O(|V |3), £¤¥ V { ª®«¨ç¥áâ¢® ¢¥àè¨ ¢ £à ä¥,
  | �E| { ª®«¨ç¥áâ¢® à¥¡¥à ¢ £à ä¥, ¤®¯®«¨â¥«ì®¬ ª £à äã G. �®ª § ®, çâ®
¯®«ãç¥ ï ��-®æ¥ª  ï¢«ï¥âáï ¥ ¬¥¥¥ â®ç®© ®æ¥ª®© á¢¥àåã ¤«ï ¢§¢¥è¥®£®
ç¨á«  ãáâ®©ç¨¢®áâ¨ ¯à®¨§¢®«ì®£® £à ä , ç¥¬ ¨§¢¥áâ ï ¢¥àåïï ®æ¥ª , á¢ï§  ï
á ¬®£®£à ¨ª®¬ ¥ç¥âëå æ¨ª«®¢. �«¥¤áâ¢¨¥¬ íâ®£® ä ªâ  ¥áâì â®, çâ® ��-
®æ¥ª  ï¢«ï¥âáï â®ç®© ¤«ï ¢§¢¥è¥®£® ç¨á«  ãáâ®©ç¨¢®áâ¨ t-á®¢¥àè¥ëå
£à ä®¢.

�¢¥¤¥¨¥
� ¤ ç  ® ¢ëç¨á«¥¨¨ ¢§¢¥è¥®£® ç¨á«  ãáâ®©ç¨¢®áâ¨ £à ä  ¨ § ¤ ç  ®¡ ®¯à¥-

¤¥«¥¨¨ ¢§¢¥è¥®£®  ¨¡®«ìè¥£® ãáâ®©ç¨¢®£® ¬®¦¥áâ¢  ¢¥àè¨ £à ä 
®â®áïâáï ª ª« ááã NP-âàã¤ëå § ¤ ç ¢ ®¡« áâ¨ â¥®à¨¨ £à ä®¢. �¡¥ ®¨ á¢ï§ ë
á ¥®à¨¥â¨à®¢ ë¬ £à ä®¬, ¢¥àè¨ ¬ ª®â®à®£® ¯à¨¯¨á ë æ¥«ë¥ ¢¥á , ®¤ ª®
íâ® ¤¢¥ ¯à¨æ¨¯¨ «ì® à §ë¥ § ¤ ç¨ ¨ à¥è¥¨¥ ¯¥à¢®© ¥ á«¨èª®¬ ¯®¬®£ ¥â
¯à¨ ¯®¯ëâª å à¥è¨âì ¢â®àãî.

�«ï á«ãç ï, ª®£¤  ¢á¥ ¢¥á  ¢¥àè¨ £à ä  à ¢ë ¥¤¨¨æ¥, á ¬¨ § ¤ ç¨ ¨ à §-
«¨ç¨¥ ¬¥¦¤ã ¨¬¨ ¬®¦® ¯à®¤¥¬®áâà¨à®¢ âì   ¯à¨¬¥à¥ ¨§¢¥áâ®© ¯à®¡«¥¬ë
¢®áì¬¨ ä¥à§¥©, ª®â®àãî á¢ï§ë¢ îâ á ¨¬¥¥¬ �. � ãáá . �â  ¯à®¡«¥¬  á®áâ®¨â ¢
 å®¦¤¥¨¨  ¨¡®«ìè¥£® ç¨á«  ä¥à§¥©, ª®â®àë¥ ¬®¦® à ááâ ¢¨âì   è å¬ â®©
¤®áª¥ â ª, çâ®¡ë ®¨ ¥  â ª®¢ «¨ ¤àã£ ¤àã£ . �ç¥¢¨¤®, çâ® â ª¨å ä¥à§¥© ¥
¬®¦¥â ¡ëâì ¡®«¥¥ ¢®áì¬¨, â.ª. ¨ª ª¨¥ ¤¢  ¨§ ¨å ¥ ¤®«¦ë  å®¤¨âìáï  
®¤®© ¢¥àâ¨ª «¨ ¨«¨ £®à¨§®â «¨.

� íâ®© § ¤ ç¥© ¬®¦® á®¯®áâ ¢¨âì ¥®à¨¥â¨à®¢ ë© £à ä, ¢¥àè¨ ¬ ª®â®-
à®£® á®®â¢¥âáâ¢ãîâ ª«¥âª¨ è å¬ â®© ¤®áª¨,   à¥¡à ¬¨ á®¥¤¨¥ë ¯ àë ª«¥â®ª,
«¥¦ é¨¥   ®¤®© ¢¥àâ¨ª «¨, £®à¨§®â «¨ ¨«¨ ¤¨ £® «¨. � ááâ ®¢ª¥ ä¥à§¥©,
¥ ¡ìîé¨å ¤àã£ ¤àã£ , ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì ¢ë¡®à â ª®£® ¯®¤¬®¦¥áâ¢ 
¢¥àè¨-ª«¥â®ª, ¢ ª®â®à®¬ ¨ ®¤  ¨§ ¢¥àè¨ ¥ á®¥¤¨¥  á ¤àã£®©. �¬¥®
â ª®¥ ¯®¤¬®¦¥áâ¢® ¨  §ë¢ ¥âáï ãáâ®©ç¨¢ë¬.

� £à ä¥ ¤«ï § ¤ ç¨ ® ¢®áì¬¨ ä¥à§ïå ¬®¦® ¤®¢®«ì® «¥£ª®  ©â¨ ®¤ã ¨§
¢®§¬®¦ëå à ááâ ®¢®ª ( ¨¡®«ìè¨å ãáâ®©ç¨¢ëå ¬®¦¥áâ¢) ¨ ¯®áª®«ìªã
¡®«ìè¥¥ ç¨á«® ä¥à§¥© ¥ ¬®¦¥â ¡ëâì à ááâ ¢«¥®, â® ç¨á«® ãáâ®©ç¨¢®áâ¨ íâ®£®
£à ä  à ¢® 8. �¬¥áâ¥ á â¥¬ áãé¥áâ¢ãîâ 92 â ª¨¥ à ááâ ®¢ª¨ [1], c. 43-44 ¨
¯®ïâ®, çâ® ãª § âì ¢á¥ á®®®â¢¥âáâ¢ãîé¨¥ ¨¬  ¨¡®«ìè¨¥ ãáâ®©ç¨¢ë¥
¬®¦¥áâ¢  áãé¥áâ¢¥® âàã¤¥¥.

1 � ¡®â  ¢ë¯®«¥  ¢ à ¬ª å á®¢¬¥áâ®£® ãªà ¨áª®-à®áá¨©áª®£® ¯à®¥ªâ  ���� �ªà ¨ë
{ �28.1/005 ¨ ���� { 09-01-90413-�ªà.
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�  ï à ¡®â  á¢ï§   á ¨áá«¥¤®¢ ¨¥¬ ¢¥àå¥© £à ¨æë ¤«ï ¢§¢¥è¥®£®
ç¨á«  ãáâ®©ç¨¢®áâ¨ ¥®à¨¥â¨à®¢ ®£® £à ä , ª®â®à®¥ ï¢«ï¥âáï ®¡®¡é¥¨¥¬
ç¨á«  ãáâ®©ç¨¢®áâ¨. �â  £à ¨æ   §¢   ��-®æ¥ª®© ¨ ®  à ¢  ®¯â¨¬ «ì®¬ã
§ ç¥¨î æ¥«¥¢®© äãªæ¨¨ ¢ á¯¥æ¨ «ì® áª®áâàã¨à®¢ ®© § ¤ ç¥ «¨¥©®£®
¯à®£à ¬¬¨à®¢ ¨ï á ¯®«¨®¬¨ «ìë¬ ª®«¨ç¥áâ¢®¬ «¨¥©ëå ®£à ¨ç¥¨©. � 
¬®¦¥â ¡ëâì ¯¥à¥¥á¥    á«ãç © ¢§¢¥è¥®£® ª«¨ª®¢®£® ç¨á« , ¥ ¬¥¥¥ ¨§¢¥áâ-
®© NP-âàã¤®© § ¤ ç¥ ¢ â¥®à¨¨ £à ä®¢. �«¨ª®© ¢ ¥®à¨¥â¨à®¢ ®¬ £à ä¥
 §ë¢ ¥âáï ¯®¤¬®¦¥áâ¢® ¢¥àè¨, ª ¦¤ë¥ ¤¢¥ ¨§ ª®â®àëå á®¥¤¨¥ë à¥¡à®¬.
�¡¥ § ¤ ç¨ ¯® áãâ¨ íª¢¨¢ «¥âë: ª ¦¤ ï ¨§ ¨å ¯®«ãç ¥âáï ¨§ ¤àã£®©, ¯ãâ¥¬
¯®áâà®¥¨ï ¤®¯®«¥¨ï £à ä  { â ª®£® £à ä , ¢ ª®â®à®¬ ¥áâì ¢á¥ ¢¥àè¨ë ¨áå®¤-
®£® £à ä , ¯à¨ç¥¬ ¢ ¤®¯®«¥¨¨ £à ä  ¢¥àè¨ë á®¥¤¨¥ë à¥¡à®¬ â®£¤  ¨
â®«ìª® â®£¤ , ¥á«¨ ®¨ ¥ ¡ë«¨ á®¥¤¨¥ë ¢ ¨áå®¤®¬ £à ä¥. �áâ®©ç¨¢®¥
(¥§ ¢¨á¨¬®¥) ¬®¦¥áâ¢® ¢¥àè¨ ¢ ¨áå®¤®¬ £à ä¥ ï¢«ï¥âáï ª«¨ª®© ¢ ¤®¯®«¨-
â¥«ì®¬ £à ä¥ ª ¨áå®¤®¬ã, ¨  ®¡®à®â.

1. �§¢¥è¥®¥ ç¨á«® ãáâ®©ç¨¢®áâ¨ α(G,w)

�ãáâì G = (V,E) { ¢§¢¥è¥ë© ¥®à¨¥â¨à®¢ ë© £à ä (¥ á®¤¥à¦ é¨©
¯¥â¥«ì) á ¬®¦¥áâ¢®¬ ¢¥àè¨ V ¨ ¬®¦¥áâ¢®¬ à¥¡¥à E, ¢¥á ª ¦¤®© ¢¥àè¨ë i ∈
V § ¤  ¯®«®¦¨â¥«ìë¬ æ¥«ë¬ ç¨á«®¬ wi. �á®¢ë¬ ®¡ì¥ªâ®¬ ¨áá«¥¤®¢ ¨© ¢
¤ ®© à ¡®â¥ ï¢«ï¥âáï â ª  §ë¢ ¥¬®¥ ãáâ®©ç¨¢®¥ (¨«¨ ¥§ ¢¨á¨¬®¥) ¬®¦¥áâ¢®
£à ä  G.

�¯à¥¤¥«¥¨¥ �®¤¬®¦¥áâ¢® ¢¥àè¨ S ⊆ V  §ë¢ ¥âáï ãáâ®©ç¨¢ë¬ (¨«¨
¥§ ¢¨á¨¬ë¬) ¬®¦¥áâ¢®¬ £à ä  G, ¥á«¨ ¤«ï «î¡ëå i, j ∈ S à¥¡à® e = (i, j) ¥
¯à¨ ¤«¥¦¨â E.

�§¢¥è¥®¥ ç¨á«® ãáâ®©ç¨¢®áâ¨ £à ä  G ®¯à¥¤¥«ï¥âáï ª ª α(G,w) =
= max

∑
i∈S wi, £¤¥ S ⊆ V { ãáâ®©ç¨¢®¥ ¬®¦¥áâ¢®. �®¤¬®¦¥áâ¢® S∗,   ª®â®à®¬

¤®áâ¨£ ¥âáï α(G,w),  §ë¢ ¥âáï ¬ ªá¨¬ «ìë¬ ¢§¢¥è¥ë¬ ãáâ®©ç¨¢ë¬ (¨«¨
¥§ ¢¨á¨¬ë¬) ¬®¦¥áâ¢®¬ £à ä  G. � ç áâ®¬ á«ãç ¥, ª®£¤  ¢á¥ ¢¥á  ¢¥àè¨
¢ £à ä¥ à ¢ë ¥¤¨¨æ¥, ®® á®¢¯ ¤ ¥â á ®¡ëçë¬ ç¨á«®¬ ãáâ®©ç¨¢®áâ¨ £à ä 
G, ª®â®à®¥ ¯à¨ïâ® ®¡®§ ç âì α(G). �¨á«® ãáâ®©ç¨¢®áâ¨ α(G) å à ªâ¥à¨§ã¥â
¬®é®áâì ¬ ªá¨¬ «ì®£® ¯® ç¨á«ã ¢å®¤ïé¨å ¢ ¥£® ¢¥àè¨ ãáâ®©ç¨¢®£® ¬®-
¦¥áâ¢  ¢ £à ä¥ G. � ®¡é¥¬ á«ãç ¥ § ¤ ç   å®¦¤¥¨ï α(G,w) ¯à¨ ¤«¥¦¨â ª
NP -âàã¤ë¬ § ¤ ç ¬ [2].

�ãáâì STAB(G) { ¬®£®£à ¨ª ãáâ®©ç¨¢ëå ¬®¦¥áâ¢ (stable set polytope).
®¯à¥¤¥«ï¥¬ë© ª ª ¢ë¯ãª« ï ®¡®«®çª  ¡ã«¥¢ëå ¨¤¨ª â®àëå ¢¥ªâ®à®¢ ãáâ®©-
ç¨¢ëå ¬®¦¥áâ¢ S ¢ £à ä¥ G:

STAB(G) = conv{xS , S − ãáâ®©ç¨¢®¥ ¬®¦¥áâ¢® ¢ £à ä¥ G.} (1.1)

�¤¨ª â®àë© ¢¥ªâ®à ¬®¦¥áâ¢  S ®¯à¥¤¥«ï¥âáï ª ª xS = (xS
i , i ∈ V ) ∈

{0, 1}|V |, £¤¥

xS
i =

{
1 ¥á«¨ i ∈ S;
0 ¢ ¯à®â¨¢®¬ á«ãç ¥.

�á«®¢¨¥ ãáâ®©ç¨¢®áâ¨ ¬®¦¥áâ¢  S ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥ á¨áâ¥¬ë
ª¢ ¤à â¨çëå à ¢¥áâ¢ ¤«ï ª®¬¯®¥â ¢¥ªâ®à  xS :

xS
i xS

j = 0 ¤«ï ¢á¥å (i, j) = e ∈ E.
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�¢ ¤à â¨çë¥ à ¢¥áâ¢  ®§ ç îâ, çâ® ¥á«¨ ¤¢¥ ¢¥àè¨ë á¢ï§ ë à¥¡à®¬ ¢
£à ä¥ G, â® ®¨ ®¡¥ ¥ ¬®£ãâ ®¤®¢à¥¬¥® ¯à¨ ¤«¥¦ âì ãáâ®©ç¨¢®¬ã ¬®-
¦¥áâ¢ã S.

� å®¦¤¥¨¥ α(G,w) á¢ï§ ® á § ¤ ç¥© ¬ ªá¨¬¨§ æ¨¨ «¨¥©®© äãªæ¨¨∑
i∈V wixi = wx   ¢ë¯ãª«®¬ ¬®£®£à ¨ª¥ STAB(G):

α(G, w) = max
x∈STAB(G)

wx = max
S

wxS , (1.2)

£¤¥ ¯®á«¥¤¨© ¬ ªá¨¬ã¬ ¡¥à¥âáï ¯® ¢á¥¬ ãáâ®©ç¨¢ë¬ ¯®¤¬®¦¥áâ¢ ¬¨ V . � ª-
á¨¬ã¬ «¨¥©®© äãªæ¨¨ ¢ § ¤ ç¥ (1.2) ¤®áâ¨£ ¥âáï ¢ ®¤®© ¨«¨ ¥áª®«ìª¨å ¨§
¢¥àè¨ ¬®£®£à ¨ª  STAB(G). � ®¡é¥¬ á«ãç ¥ ¬®£®£à ¨ª STAB(G) ¨¬¥¥â
á«®¦ãî áâàãªâãàã, ¨§-§  ç¥£® § ¤ ç   å®¦¤¥¨ï α(G,w) ¯à¨ ¤«¥¦¨â ª NP -
âàã¤ë¬ § ¤ ç ¬.

�¤ ª®, áãé¥áâ¢ã¥â ¬®£® á¥¬¥©áâ¢ £à ä®¢, ¤«ï ª®â®àëå α(G,w) ¬®¦¥â ¡ëâì
 ©¤¥® §  ¯®«¨®¬¨ «ì®¥ ¢à¥¬ï. �¤¨¬ ¨§ â ª¨å á¥¬¥©áâ¢ £à ä®¢ ï¢«ïîâáï
t-á®¢¥àè¥ë¥ £à äë. �å  §¢ ¨¥ ¯à®¨áå®¤¨â ®â äà æã§áª®£® á«®¢  "trou",
ª®â®à®¥ ¢ ¯¥à¥¢®¤¥   àãáª¨© ï§ëª ®§ ç ¥â "¤ëà ". � ¬® íâ®  §¢ ¨¥ ¢ë¤¥«ï¥â
¥ç¥âë© æ¨ª« ¢ £à ä¥ G (á®¤¥à¦¨â ¥ç¥â®¥ ª®«¨ç¥áâ¢® ¢¥àè¨), ª®â®àë©
ï¢«ï¥âáï æ¥âà «ìë¬ ¯à¨ ®¯à¥¤¥«¥¨¨ t-á®¢¥àè¥ëå £à ä®¢. �¥ç¥âë© æ¨ª«
¢ £à ä¥ G ¤ «¥¥ ¡ã¤¥¬ ®¡®§ ç âì C2k+1, k = 1, 2, . . . ,   á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã
¯®¤¬®¦¥áâ¢® ¢¥àè¨ £à ä  ç¥à¥§ V (C2k+1).

�®«¨®¬¨ «ìë©  «£®à¨â¬  å®¦¤¥¨ï α(G,w) ¤«ï t-á®¢¥àè¥ëå £à ä®¢
¢ § ç¨â¥«ì®© ¬¥à¥ ®¡ï§  â ª®© § ¤ ç¥ «¨¥©®£® ¯à®£à ¬¬¨à®¢ ¨ï (��-
§ ¤ ç¥)

α∗C(G, w) = max
∑

i∈V

wixi, (1.3)

¯à¨ ®£à ¨ç¥¨ïå





0 ≤ xi ≤ 1 ¤«ï ª ¦¤®© ¢¥àè¨ë i ∈ V,
xi + xj ≤ 1 ¤«ï ª ¦¤®£® à¥¡à  (i, j) = e ∈ E,∑

i∈V (C2k+1) xi ≤ k ¤«ï ª ¦¤®£® ¥ç¥â®£® æ¨ª«  C2k+1 ∈ G.
(1.4)

�®£®£à ¨ª, § ¤ ë© ®£à ¨ç¥¨ï¬¨ (1.4),  §ë¢ ¥âáï ¬®£®£à ¨ª®¬ ¥-
ç¥âëå æ¨ª«®¢ (odd-cycle polytope), ¨ ¥£® ¯à¨ïâ® ®¡®§ ç âì CSTAB(G). �
®¯à¥¤¥«ï¥âáï á¯à ¢¥¤«¨¢ë¬¨ ¤«ï ¬®£®£à ¨ª  STAB(G) á¥¬¥©áâ¢ ¬¨
«¨¥©ëå ¥à ¢¥áâ¢ ¤«ï ¢¥àè¨, «¨¥©ëå ¥à ¢¥áâ¢ ¤«ï à¥¡¥à ¨ «¨¥©ëå
¥à ¢¥áâ¢ ¤«ï ¥ç¥âëå æ¨ª«®¢ ¢ £à ä¥ G.

�«ï ¯à®¨§¢®«ì®£® £à ä  G ¢¥«¨ç¨  α∗C(G,w) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

α∗C(G,w) ≥ α(G,w) (1.5)

¨ ï¢«ï¥âáï ®æ¥ª®© á¢¥àåã (¢¥àå¥© ®æ¥ª®©) ¤«ï α(G, w). �¥à ¢¥áâ¢® (1.5)
á«¥¤ã¥â ¨§ â®£®, çâ® ¬®£®£à ¨ª CSTAB(G)  ¯¯à®ªá¨¬¨àã¥â (á¢¥àåã) ¬®£®-
£à ¨ª STAB(G). �¥¬¥©áâ¢® £à ä®¢, ¤«ï ª®â®àëå ¬®£®£à ¨ª ãáâ®©ç¨¢ëå
¬®¦¥áâ¢ STAB(G) á®¢¯ ¤ ¥â á ¬®£®£à ¨ª®¬ CSTAB(G),  §ë¢ îâ
t-á®¢¥àè¥ë¬¨ £à ä ¬¨. �ç¨âë¢ ï, çâ® STAB(G) = CSTAB(G), ¤«ï
t-á®¢¥àè¥ëå £à ä®¢ á¯à ¢¥¤«¨¢® à ¢¥áâ¢®
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α∗C(G,w) = α(G,w) (1.6)

¨ ¢¥«¨ç¨  α∗C(G,w) ¥áâì â®ç®© ¢¥àå¥© ®æ¥ª®© ¤«ï α(G,w).
� ®¡é¥¬ á«ãç ¥ ��-§ ¤ ç  (1.3){(1.4) á®¤¥à¦¨â ¥¯®«¨®¬¨ «ì®¥ ª®«¨ç¥áâ¢®

®£à ¨ç¥¨©, çâ® á¢ï§ ® á ®£à ¨ç¥¨ï¬¨ ¢ ä®à¬¥ ¥à ¢¥áâ¢ ¤«ï ¢á¥å ¥ç¥âëå
æ¨ª«®¢ C2k+1 (k = 1, 2, . . . ) ¢ £à ä¥ G. �¥á¬®âàï   íâ® ��-§ ¤ ç  (1.3){(1.4)
¯®«¨®¬¨ «ì® à §à¥è¨¬  ¢ â®¬ á¬ëá«¥, çâ® ¤«ï ¯à®¨§¢®«ì®£® £à ä  G ®¯â¨-
¬ «ì®¥ § ç¥¨¥ æ¥«¥¢®© äãªæ¨¨ α∗C(G,w) ¬®¦¥â ¡ëâì  ©¤¥® á «î¡®©
§ ¤ ®© â®ç®áâìî §  ¯®«¨®¬¨ «ì®¥ ¢à¥¬ï. �«£®à¨â¬   ®á®¢¥ ¬¥â®¤ 
í««¨¯á®¨¤®¢ ¤  ¢ [2], á. 275{276. �á«¨ £à ä G ¯à¨ ¤«¥¦¨â á¥¬¥©áâ¢ã
t-á®¢¥àè¥ëå £à ä®¢, â® à ¢¥áâ¢® (1.6) ®¡¥á¯¥ç¨¢ ¥â  å®¦¤¥¨¥ α(G,w) § 
¯®«¨®¬¨ «ì®¥ ¢à¥¬ï.

�®«¨®¬¨ «ìë©  «£®à¨â¬ ¤«ï  å®¦¤¥¨ï ¢¥àå¥© ®æ¥ª¨ α∗C(G,w) ¡ §¨-
àã¥âáï   ¨á¯®«ì§®¢ ¨¨ ¬¥â®¤  í««¨¯á®¨¤®¢. � ¨¬¥¥â áª®à¥¥ â¥®à¥â¨ç¥áªãî
æ¥®áâì, ç¥¬ ¯à ªâ¨ç¥áªãî, ¨ ¥¯à¨¬¥¨¬ ¤«ï  å®¦¤¥¨ï ®æ¥ª¨ α∗C(G,w) ¢
â®¬ á«ãç ¥, ª®£¤  £à ä á®¤¥à¦¨â ®ª®«® á®â¨ ¢¥àè¨. � â® ¦¥ ¢à¥¬ï ¯à ªâ¨ç¥áª¨
íää¥ªâ¨¢ë¥  «£®à¨â¬ë  å®¦¤¥¨ï α∗C(G, w) ¤«ï £à ä®¢ â ª®£® à §¬¥à  ¨
¡®«ìè¥ ¬®£ãâ ¡ëâì à¥ «¨§®¢ ë   ®á®¢¥ á®¢à¥¬¥ëå ��-á®«¢¥à®¢, ¤«ï ª®â®-
àëå à¥è¥¨¥ ��-§ ¤ ç á á®âï¬¨ âëáïç ¯¥à¥¬¥ëå ¨ ¬¨««¨® ¬¨ ®£à ¨ç¥¨©
¥ ¯à¥¤áâ ¢«ï¥â ®á®¡ëå ¯à®¡«¥¬ ¤«ï á®¢à¥¬¥ëå ª®¬¯ìîâ¥à®¢ á ®¯¥à â¨¢®©
¯ ¬ïâìî ¢ ¥áª®«ìª® ¤¥áïâª®¢ £¨£ ¡ ©â. �â®¡ë ®¡¥á¯¥ç¨âì ¯®«¨®¬¨ «ì®áâì
â ª¨å  «£®à¨â¬®¢, ¤®áâ â®ç® ®£à ¨ç¨âì à §¬¥àë ��-§ ¤ ç¨ ¢¨¤  (1.3){(1.4)
¯® ç¨á«ã ®£à ¨ç¥¨©, ¨ ¢ ª ç¥áâ¢¥ ��-á®«¢¥à  ¨á¯®«ì§®¢ âì â ª®©, ª®â®àë©
¯®§¢®«ï¥â à¥è¨âì ��-§ ¤ çã §  ¯®«¨®¬¨ «ì®¥ ¢à¥¬ï.

�«ï ¢¥àå¥© ®æ¥ª¨ α∗C(G,w) áãé¥áâ¢ã¥â   «®£ ��-§ ¤ ç¨ á ¯®«¨®¬¨ «ìë¬
ª®«¨ç¥áâ¢®¬ «¨¥©ëå ®£à ¨ç¥¨© [3], áâà. 1187. � ª ï ��-§ ¤ ç  á®¤¥à¦¨â
O(|V |2) ¯¥à¥¬¥ëå ¨ O(|V |2|E|) ®£à ¨ç¥¨©. � [4] ¯®áâà®¥  ¢¥àåïï ®æ¥ª 
α∗�(G,w), ª®â®à ï ¯® â®ç®áâ¨ ¥ åã¦¥ ç¥¬ α∗C(G,w), ¯à¨ íâ®¬ ¥© á®®â¢¥âáâ¢ã¥â
��-§ ¤ ç  á ¬¥ìè¨¬ ª®«¨ç¥áâ¢®¬ ¯¥à¥¬¥ëå ¨ ®£à ¨ç¥¨©. �  ¢ª«îç ¥â
O(|V |3) ®£à ¨ç¥¨© ¨ |V |+| �E| ¯¥à¥¬¥ëå, £¤¥ | �E| { ª®«¨ç¥áâ¢® à¥¡¥à ¢ ¤®¯®«¨-
â¥«ì®¬ £à ä¥ ª £à äã G. �à¥¤¬¥â®¬ ®¡áã¦¤¥¨ï ¨¦¥ ¡ã¤¥â ¥é¥ ®¤  ¢¥àåïï
®æ¥ª  ¯®¤®¡®£® â¨¯ ,  §®¢¥¬ ¥¥ ��-®æ¥ª®© α∗∇(G,w), ª®â®à ï ¯®«ãç¥ 
«¨¥©®© à¥« ªá æ¨¥© ª¢ ¤à â¨çëå ®£à ¨ç¥¨©, á¢ï§ë¢ îé¨å ¬¥¦¤ã á®¡®©
âà®©ª¨ ¡ã«¥¢ëå ¯¥à¥¬¥ëå.

2. ��-®æ¥ª  α∗∇(G,w)

�à¨¢¥¤¥¬ ��-®æ¥ªã α∗∇(G,w) ¨ ¯®ª ¦¥¬, çâ® ®  ï¢«ï¥âáï à¥è¥¨¥¬ ��-
§ ¤ ç¨ á ç¨á«®¬ ¯¥à¥¬¥ëå (|V |+ | �E|) ¨ ç¨á«®¬ ®£à ¨ç¥¨© O(|V |3). � å®¦¤¥-
¨î ��-®æ¥ª¨ α∗∇(G,w) á®®â¢¥âáâ¢ã¥â â ª ï ��-§ ¤ ç :  ©â¨

α∗∇(G, w) = max
∑

i∈V

wixi (2.1)

¯à¨ ®£à ¨ç¥¨ïå

xij = 0 ∀ (i, j) = e ∈ E, (2.2)
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−xij − xik − xjk + xi + xj + xk ≤ 1,
+xij + xik − xjk − xi ≤ 0,
+xij − xik + xjk − xj ≤ 0,
−xij + xik + xjk − xk ≤ 0,

∀ i, j, k ∈ V : i < j < k (2.3)

0 ≤ xi ≤ 1 i ∈ V. (2.4)
C¯à ¢¥¤«¨¢  á«¥¤ãîé ï «¥¬¬ .
�¥¬¬  1 �«ï ¯à®¨§¢®«ì®£® £à ä  G ��-®æ¥ª  α∗∇(G,w) ã¤®¢«¥â¢®àï¥â

á®®â®è¥¨î:

α∗∇(G,w) ≥ α(G, w).
�®ª § â¥«ìáâ¢®. �  ®á®¢ã ¢®§ì¬¥¬ ª¢ ¤à â¨çãî ¡ã«¥¢ã ä®à¬ã«¨à®¢ªã § -

¤ ç¨ ® ¬ ªá¨¬ «ì®¬ ¢§¢¥è¥®¬ ãáâ®©ç¨¢®¬ ¬®¦¥áâ¢¥ [5]:

α(G,w) = max
∑

i∈V

wixi (2.5)

¯à¨ ®£à ¨ç¥¨ïå

xixj = 0 ∀ (i, j) = e ∈ E, (2.6)

x2
i − xi = 0 ∀ i ∈ V. (2.7)

�¢ ¤à â¨ç ï § ¤ ç  (2.5){(2.7) ä ªâ¨ç¥áª¨ ¥áâì ¤àã£®© ä®à¬®© § ¯¨á¨
§ ¤ ç¨ (1.2), ¤«ï ª®â®à®© ¡ã«¥¢ë ¯¥à¥¬¥ë¥ xi ∈ {0, 1} ¤«ï ¢á¥å ¢¥àè¨ ¨§
V ®¯¨á ë ª¢ ¤à â¨çë¬¨ ®£à ¨ç¥¨ï¬¨-à ¢¥áâ¢ ¬¨ (2.7).

�®¡ ¢¨¬ ª § ¤ ç¥ (2.5){ (2.7) c«¥¤ãîé¥¥ á¥¬¥©áâ¢® ª¢ ¤à â¨çëå ®£à ¨ç¥¨©





+xixj + xixk + xjxk − xi − xj − xk ≥ −1,
−xixj − xixk + xjxk + xi ≥ 0,
−xixj + xixk − xjxk + xj ≥ 0,
+xixj − xixk − xjxk + xk ≥ 0,

∀ i, j, k ∈ V : i < j < k. (2.8)

�¢ ¤à â¨çë¥ ®£à ¨ç¥¨ï (2.8) ¥ ¨§¬¥ïîâ ¬®¦¥áâ¢  ¤®¯ãáâ¨¬ëå à¥è¥¨©
§ ¤ ç¨ (2.5){(2.7). �  á ¬®¬ ¤¥«¥, ®¨ ï¢«ïîâáï á«¥¤áâ¢¨¥¬ ª¢ ¤à â¨çëå
¥à ¢¥áâ¢





+yiyj + yiyk + yjyk ≥ −1,
−yiyj − yiyk + yjyk ≥ −1,
−yiyj + yiyk − yjyk ≥ −1,
+yiyj − yiyk − yjyk ≥ −1,

∀ i, j, k ∈ V : i < j < k. (2.9)

¤«ï ¡¨ àëå (±1)-¯¥à¥¬¥ëå yi, i ∈ V , ¥á«¨ ¡¨ àë¥ ¯¥à¥¬¥ë¥ ¯¥à¥¢¥áâ¨ ¢
¡ã«¥¢ë¥ (0− 1)-¯¥à¥¬¥ë¥ xi, i ∈ V á ¯®¬®éìî á«¥¤ãîé¥© § ¬¥ë

yi = 1− 2xi ∀ i ∈ V.

�¢ ¤à â¨çë¥ ®£à ¨ç¥¨ï (2.9) á«¥¤ãîâ ¨§ â®£®, çâ® ¤«ï ¯à®¨§¢®«ì®©
âà®©ª¨ ¡¨ àëå (±1)-¯¥à¥¬¥ëå yi, yj ¨ yk, â ª®© çâ® i 6= j 6= k, ¢á¥£¤ 
á¯à ¢¥¤«¨¢ë ª¢ ¤à â¨çë¥ ®£à ¨ç¥¨ï ¢ ä®à¬¥ ¥à ¢¥áâ¢ [6]
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(+yi + yj + yk)2 ≥ 1,

(−yi + yj + yk)2 ≥ 1,

(+yi − yj + yk)2 ≥ 1,

(+yi + yj − yk)2 ≥ 1,

�®á«¥¤¨¥ «¥£ª® ¯à¥®¡à §ãîâáï ª ¥à ¢¥áâ¢ ¬ (2.9), ãç¨âë¢ ï, çâ® y2
i = 1,

y2
j = 1 ¨ y2

k = 1.
�¨¥ à¨§ã¥¬ § ¤ çã (2.5){(2.8), ¯®«®¦¨¢ xij = xixj ∀ i, j ∈ V : i < j ¨

à¥« ªá¨àãï ®£à ¨ç¥¨ï (2.7) «¨¥©ë¬¨ ¥à ¢¥áâ¢ ¬¨ 0 ≤ xi ≤ 1 ∀ i ∈ V .
�¯â¨¬ «ì®¥ § ç¥¨¥ æ¥«¥¢®© äãªæ¨¨ ¢ à¥« ªá¨à®¢ ®© § ¤ ç¥ ®¡®§ ç¨¬
α∗∇(G,w). � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ��-§ ¤ çã (2.1){(2.4) ¤«ï ¢¥«¨ç¨ë α∗∇(G,w),
ª®â®à ï ¨  §¢   ��-®æ¥ª®© α∗∇(G,w). �ç¨âë¢ ï, çâ® ��-§ ¤ ç  (2.1){(2.4)
¯®«ãç¥  ¢ à¥§ã«ìâ â¥ "®á« ¡«¥¨ï" ª¢ ¤à â¨ç®© § ¤ ç¨ (2.5){(2.8), â® ��-
®æ¥ª  α∗∇(G,w) ¤«ï ¯à®¨§¢®«ì®£® £à ä  G ã¤®¢«¥â¢®àï¥â á®®â®è¥¨î:

α∗∇(G,w) ≥ α(G, w). (2.10)

�«¥¤®¢ â¥«ì®, ��-®æ¥ª  α∗∇(G,w) ¡ã¤¥â ®æ¥ª®© á¢¥àåã ¤«ï α(G,w).
�®®â®è¥¨¥ (2.10) ¤®ª §ë¢ ¥â «¥¬¬ã 1.

��-§ ¤ ç  (2.1){(2.4) á®¤¥à¦¨â |V |(|V |+ 1)/2 ¯¥à¥¬¥ëå ¨ O(|V |3) ®£à ¨ç¥-
¨©. �¤ ª®, ç¨á«® ¯¥à¥¬¥ëå ¢ ¥© ¬®¦® ã¬¥ìè¨âì. �  á ¬®¬ ¤¥«¥ |E|
«¨¥©ëå ¯¥à¥¬¥ëå, ª®â®àë¥ á®®â¢¥âáâ¢ãîâ à¥¡à ¬ £à ä  G ¨ § ¤ ë
®£à ¨ç¥¨ï¬¨ (2.2), ä¨ªá¨à®¢ ë ¨ à ¢ë ã«î. �â® ®§ ç ¥â, çâ® ¢ ��-§ ¤ ç¥
(2.1){(2.4) ¬®¦® ¨§¡ ¢¨âìáï ®â ®£à ¨ç¥¨© (2.2), ¯®¤áâ ¢«ïï ã«¥¢ë¥ § ç¥¨ï
¤«ï â¥å ¯¥à¥¬¥ëå, ª®â®àë¥ ®¨ ®¯à¥¤¥«ïîâ, ¥¯®áà¥¤áâ¢¥® ¢ ®£à ¨ç¥¨ï
(2.3). � à¥§ã«ìâ â¥ ¢ ®¢®© ��-§ ¤ ç¥ ®áâ ãâáï â®«ìª® ¯¥à¥¬¥ë¥ xij ¤«ï â¥å
¯ à (i, j), ª®â®àë¥ ¥ ¯à¨ ¤«¥¦ â ¬®¦¥áâ¢ã à¥¡¥à E. �á¥ íâ¨ ¯ àë ®¯à¥¤¥«ïîâ
¬®¦¥áâ¢® à¥¡¥à �E ¢ ¤®¯®«¨â¥«ì®¬ £à ä¥ ª £à äã G. �¨á«® ¯¥à¥¬¥ëå ¢
®¢®© ��-§ ¤ ç¥ ¡ã¤¥â à ¢ë¬ |V | + | �E|, £¤¥ | �E| { ª®«¨ç¥áâ¢® à¥¡¥à ¢ £à ä¥,
¤®¯®«¨â¥«ì®¬ ª £à äã G. �à¨ íâ®¬ ¯®àï¤®ª ®£à ¨ç¥¨© ¢ ®¢®© § ¤ ç¥
®áâ ¥âáï à ¢ë¬ O(|V |3), ® à¥ «ì®¥ ç¨á«® ®£à ¨ç¥¨© ¬®¦¥â ã¬¥ìè¨âìáï.
� ª,  ¯à¨¬¥à, ¥á«¨ áâàãªâãà  £à ä  G â ª®¢ , çâ® áãé¥áâ¢ãîâ â ª¨¥ âà®©ª¨
¢¥àè¨ i, j ¨ k, ¤«ï ª®â®àëå ¢á¥ âà¨ ¯ àë (i, j), (i, k) ¨ (j, k) ¯à¨ ¤«¥¦ â
¬®¦¥áâ¢ã à¥¡¥à E, â® «¨¥©ë¥ ¯¥à¥¬¥ë¥ xij , xik ¨ xjk à ¢ë ã«î ¨§ ®£à ¨-
ç¥¨© (2.2). �®£¤ , ç¥âëà¥ ®£à ¨ç¥¨ï ¢ (2.3) ¢ëà®¦¤ îâáï ¢ ¥¤¨áâ¢¥®¥
®£à ¨ç¥¨¥

xi + xj + xk ≤ 1,

â ª ª ª ®áâ «ìë¥ âà¨ ®£à ¨ç¥¨ï á¢ï§ ë á ¥®âà¨æ â¥«ì®áâìî ¯¥à¥¬¥ëå
xi, xj ¨ xk ¨ ¤ã¡«¨àãîâáï ®£à ¨ç¥¨ï¬¨ (2.4).

��-§ ¤ ç , £¤¥ ®âáãâáâ¢ãîâ ®£à ¨ç¥¨ï ¢ ä®à¬¥ (2.2), ¡ã¤¥â ¡®«¥¥ ¥ª®®¬®©
¤«ï ¢ëç¨á«¥¨ï ��-®æ¥ª¨ α∗∇(G,w) á ¯®¬®éìî áâ ¤ àâëå ��-¯à®£à ¬¬.
�¤ ª®, ¬ë ¤ «¥¥ ¡ã¤¥¬ ¯à¨¤¥à¦¨¢ âìáï ¥¥ ä®à¬ë § ¯¨á¨ ª ª ��-§ ¤ ç¨ (2.1){
(2.4), ¢ ®á®¢®¬, ¨§-§  ã¤®¡áâ¢  ¢á¥å ¤ «ì¥©è¨å ¤®ª § â¥«ìáâ¢, £¤¥ ¡ã¤¥¬ ¢
ï¢®¬ ¢¨¤¥ ¨á¯®«ì§®¢ âì ä ªâ à ¢¥áâ¢  ã«î â¥å ¨«¨ ¨ëå ¯¥à¥¬¥ëå ¢¨¤ 
xij , ª®â®àë¥ á«¥¤ãîâ ¨§ ®£à ¨ç¥¨© (2.2).
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3. ��-®æ¥ª  α∗∇(G, w) ¨ ¥ç¥âë© æ¨ª«
� «¨ç¨¥ ®£à ¨ç¥¨© (2.3) ¯à¨¤ ¥â ��-§ ¤ ç¥ (2.1){(2.4) ¨â¥à¥áë¥ "£¥®-

¬¥âà¨ç¥áª¨¥" á¢®©áâ¢ , á¢ï§ ë¥ á ¥ç¥âë¬ æ¨ª«®¬ C2k+1 ¢ £à ä¥ G. �¯à ¢¥¤-
«¨¢  á«¥¤ãîé ï «¥¬¬ .

�¥¬¬  2 �§ ®£à ¨ç¥¨© (2.2) ¨ (2.3) á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì «¨¥©ëå ¥-
à ¢¥áâ¢

∑

i∈V (C2k+1)
xi ≤ k ¤«ï ª ¦¤®£® ¥ç¥â®£® æ¨ª«  C2k+1 ∈ G.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯à®¨§¢®«ìë© ¥ç¥âë© æ¨ª« C2k+1 á ¢¥àè¨ -
¬¨ {i1, . . . , i2k+1} ¨ à¥¡à ¬¨ (ir, ir+1), r = 1, . . . , 2k, (i1, i2k+1). �¥ ®£à ¨ç¨¢ ï
®¡é®áâ¨, ¡ã¤¥¬ áç¨â âì çâ® i1 < i2 < . . . < i2k+1.

�á«¨ k = 1 (á®®â¢¥âáâ¢ã¥â ¥ç¥â®¬ã æ¨ª«ã C3), â® ¤«ï âà®©ª¨ ¢¥àè¨
(i1, i2, i3) ¨§ ¯¥à¢®£® ¥à ¢¥áâ¢  ¨§ (2.3) ¨¬¥¥¬:

xi1 + xi2 + xi3 ≤ 1 + xi1i2 + xi1i3 + xi2i3 .

�ç¨âë¢ ï, çâ® ¤«ï à¥¡¥à (i1, i2), (i1, i3) ¨ (i2, i3) ¨§ à ¢¥áâ¢ (2.2) ¨¬¥¥¬ xi1i2 =
0, xi1i3 = 0 ¨ xi2i3 = 0, â® ¨§ ¯à¨¢¥¤¥®£® ¢ëè¥ à ¢¥áâ¢  á«¥¤ã¥â

3∑
r=1

xir ≤ 1 8; 8
∑

i∈V (C3)
xi ≤ 1,

çâ® ¤ ¥â ¤®ª § â¥«ìáâ¢® «¥¬¬ë ¤«ï ¥ç¥â®£® æ¨ª«  C3.
�ãáâì k { ¯à®¨§¢®«ì®¥  âãà «ì®¥ ç¨á«®, â ª®¥ çâ® k ≥ 2. � áá¬®âà¨¬

"¯®ªàëâ¨¥" ¥ç¥â®£® æ¨ª«  C2k+1 ¤¢ã¬ï â¨¯ ¬¨ âà¥ã£®«ì¨ª®¢
(âà®©ª ¬¨ ¢¥àè¨), ª®â®à®¥ ¤«ï ¥ç¥â®£® æ¨ª«  C9 ¯à®¨««îáâà¨à®¢ ®   à¨á.
1. �«ï ¯¥à¢®£® â¨¯  âà¥ã£®«ì¨ª®¢ ("¥§ èâà¨å®¢ ë¥") ¡ã¤¥¬ ¨á¯®«ì§®¢ âì
¯¥à¢®¥ ¥à ¢¥áâ¢® ¨§ (2.3),   ¤«ï ¢â®à®£® â¨¯  âà¥ã£®«ì¨ª®¢ ("§ èâà¨å®-
¢ ë¥") ¡ã¤¥¬ ¨á¯®«ì§®¢ âì âà¥âì¥ ¥à ¢¥áâ¢® ¨§ (2.3).

�¨á. 1. �®ªàëâ¨¥ ¥ç¥â®£® æ¨ª«  C9 âà¥ã£®«ì¨ª ¬¨

�¥à¢ë© â¨¯ âà¥ã£®«ì¨ª®¢ á®¤¥à¦¨â â ª¨¥ âà®©ª¨ ¢¥àè¨ (i2t−1, i2t, i2t+1) ¤«ï
¢á¥å t = 1, . . . , k ¨ ¤«ï ª ¦¤®© ¯ àë (i2t−1, i2t) ¨ (i2t, i2t+1) ¨§ à ¢¥áâ¢ (2.2) ¨¬¥¥¬
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xi2t−1i2t = 0 ¨ xi2ti2t+1 = 0. �«ï âà¥ã£®«ì¨ª®¢ íâ®£® â¨¯  ¨§ ¯¥à¢®£® ¥à ¢¥áâ¢ 
¢ (2.3) á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì â ª¨å ¥à ¢¥áâ¢

xi2t−1 + xi2t + xi2t+1 − xi2t−1i2t+1 ≤ 1, t = 1, . . . , k,

á«®¦¨¢ ª®â®àë¥ ¯®«ãç ¥¬ ¥à ¢¥áâ¢®

k∑
t=1

xi2t−1 +
k∑

t=1
xi2t +

k∑
t=1

xi2t+1 −
k∑

t=1
xi2t−1i2t+1 ≤ k.

�ç¨âë¢ ï, çâ®

k∑
t=1

xi2t−1 +
k∑

t=1
xi2t =

k∑
t=1

(
xi2t−1 + xi2t

)
=

2k∑
r=1

xir ,

¯®á«¥¤¥¥ ¥à ¢¥áâ¢® § ¯¨è¥¬ ¢ â ª®© ä®à¬¥

2k∑
r=1

xir +
k∑

t=1
xi2t+1 −

k∑
t=1

xi2t−1i2t+1 ≤ k. (3.1)

�â®à®© â¨¯ âà¥ã£®«ì¨ª®¢ ("§ èâà¨å®¢ ë¥") á®áâ ¢«ïîâ â ª¨¥ âà®©ª¨
¢¥àè¨ (i1, i3, i5), ..., (i1, i2k−1, i2k+1). �®«¨ç¥áâ¢® â ª¨å âà®¥ª à ¢® (k − 1). �§
âà¥âì¥£® ¥à ¢¥áâ¢  ¢ (2.3) ¤«ï ¨å á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì â ª¨å ¥à ¢¥áâ¢

xi1i2t−1 − xi1i2t+1 + xi2t−1i2t+1 − xi2t−1 ≤ 0, t = 2, . . . , k,

á«®¦¨¢ ª®â®àë¥ ¯®«ãç ¥¬ ¥à ¢¥áâ¢®

xi1i3 − xi1i2k+1 +
k∑

t=2
xi2t−1i2t+1 −

k∑
t=2

xi2t−1 ≤ 0.

�ç¨âë¢ ï, çâ® ¤«ï à¥¡à  (i1, i2k+1) ¨§ (2.2) á«¥¤ã¥â xi1i2k+1 = 0, ¨ â®, çâ®

xi1i3 +
k∑

t=2
xi2t−1i2t+1 =

k∑
t=1

xi2t−1i2t+1 ¨
k∑

t=2
xi2t−1 =

k−1∑
t=1

xi2t+1 ,

¯®á«¥¤¥¥ ¥à ¢¥áâ¢® § ¯¨è¥¬ ¢ á«¥¤ãîé¥¬ ¢¨¤¥

k∑
t=1

xi2t−1i2t+1 −
k−1∑
t=1

xi2t+1 ≤ 0. (3.2)

�«®¦¨¢ ¥à ¢¥áâ¢® (3.1) á ¥à ¢¥áâ¢®¬ (3.2) ¯®«ãç ¥¬

2k∑
r=1

xir +
k∑

t=1
xi2t+1 −

k−1∑
t=1

xi2t+1 =
2k∑

r=1
xir + x2k+1 ≤ k,

®âªã¤  á«¥¤ã¥â ¥à ¢¥áâ¢®

2k+1∑
r=1

xir ≤ k ¨«¨
∑

i∈V (C2k+1)
xi ≤ k, (3.3)

çâ® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® «¥¬¬ë.
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4. �¢®©áâ¢  ��-®æ¥ª¨ α∗∇(G,w)
�¢ï§ì ¢¥àå¥© ®æ¥ª¨ α∗C(G,w) á ��-®æ¥ª®© α∗∇(G,w) å à ªâ¥à¨§ã¥â á«¥¤ã-

îé ï â¥®à¥¬ .
�¥®à¥¬  1 �«ï ¯à®¨§¢®«ì®£® £à ä  G ��-®æ¥ª  α∗∇(G,w) ã¤®¢«¥â¢®àï¥â

á®®â®è¥¨î:

α∗C(G, w) ≥ α∗∇(G,w) ≥ α(G,w).

�®ª § â¥«ìáâ¢®. �§ «¥¬¬ë á«¥¤ã¥â, çâ® α∗∇(G,w) ≥ α(G,w). �®ª ¦¥¬, çâ®
α∗C(G, w) ≥ α∗∇(G,w). � ç «¥ ¯®ª ¦¥¬, çâ® ¨§ ®£à ¨ç¥¨© (2.2) ¨ (2.3) á«¥¤ã¥â
á¯à ¢¥¤«¨¢®áâì «¨¥©ëå ¥à ¢¥áâ¢

xi + xj ≤ 1 ∀ (i, j) = e ∈ E. (4.1)

�«®¦¨¬ ¯¥à¢®¥ ¥à ¢¥áâ¢® ¨§ (2.3) á®®â¢¥âáâ¢¥® á® ¢â®àë¬, âà¥âì¨¬ ¨
ç¥â¢¥àâë¬ ¥à ¢¥áâ¢ ¬¨ ¨§ (2.3). � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ â ª¨¥ ¥à ¢¥áâ¢ 




−xjk + xj + xk ≤ 1,
−xik + xi + xk ≤ 1,
−xij + xi + xj ≤ 1,

∀ i, j, k ∈ V : i < j < k,

¨§ ª®â®àëå á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì «¨¥©ëå ¥à ¢¥áâ¢

−xij + xi + xj ≤ 1 ∀ (i, j) = e ∈ E. (4.2)

�ç¨âë¢ ï, çâ® ¨§ ®£à ¨ç¥¨© (2.2) ¨¬¥¥¬ xij = 0 ¤«ï «î¡®£® (i, j) = e ∈ E,
¥à ¢¥áâ¢  (4.2) £ à â¨àãîâ á¯à ¢¥¤«¨¢®áâì «¨¥©ëå ¥à ¢¥áâ¢ (4.1).

��-§ ¤ ç  (2.1){(2.4) íª¢¨¢ «¥â  â ª®© �� § ¤ ç¥:

α∗∇(G, w) = max
∑

i∈V

wixi (4.3)

¯à¨ ®£à ¨ç¥¨ïå

xij = 0 ∀ (i, j) = e ∈ E, (4.4)





−xij − xik − xjk + xi + xj + xk ≤ 1,
+xij + xik − xjk − xi ≤ 0,
+xij − xik + xjk − xj ≤ 0,
−xij + xik + xjk − xk ≤ 0,

∀ i, j, k ∈ V : i < j < k, (4.5)

0 ≤ xi ≤ 1 i ∈ V, (4.6)

xi + xj ≤ 1 ∀ (i, j) = e ∈ E, (4.7)

∑

i∈V (C2k+1)
xi ≤ k ∀ C2k+1 ∈ V, (4.8)

�¤¥áì ®£à ¨ç¥¨ï (4.7) â®¦¤¥áâ¢¥® à ¢ë ¥à ¢¥áâ¢ ¬ (4.1), a ®£à ¨ç¥¨ï
(4.8) á«¥¤ãîâ ¨§ «¥¬¬ë 2.
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�â ��-§ ¤ ç¨ (4.3){(4.8) «¥£ª® ¯¥à¥©â¨ ª "®á« ¡«¥®©" ��-§ ¤ ç¥, ã¡à ¢ ¨§
¥¥ ®£à ¨ç¥¨ï (4.4), (4.5) ¨ ®áâ ¢¨¢ ®£à ¨ç¥¨ï (4.6), (4.7) ¨ (4.8). � à¥§ã«ìâ â¥
¯®«ãç ¥¬ â ªãî ��-§ ¤ çã

α∗(G,w) = max
∑

i∈V

wixi (4.9)

¯à¨ ®£à ¨ç¥¨ïå

0 ≤ xi ≤ 1 ∀ i ∈ V, (4.10)

xi + xj ≤ 1 ∀ (i, j) = e ∈ E. (4.11)
∑

i∈V (C2k+1)
xi ≤ k ∀ C2k+1 ∈ V, (4.12)

¤«ï ª®â®à®© α∗(G,w) ≥ α∗�(G,w). ��-§ ¤ ç  (4.9){(4.12) ï¢«ï¥âáï ¨ç¥¬ ¨ë¬,
ª ª ä®à¬ã«¨à®¢ª®© ��-§ ¤ ç¨ (1.3){(1.4) ¤«ï ¢¥«¨ç¨ë α∗C(G,w), ¨, á«¥¤®¢ -
â¥«ì®, α∗(G,w) = α∗C(G,w). �âáî¤  ¨¬¥¥¬ α∗C(G,w) ≥ α∗∇(G,w). �¥®à¥¬ 
¤®ª §  .

�§ â¥®à¥¬ë 1 ¨ á®®â®è¥¨ï (1.6) ¤«ï t-á®¢¥àè¥ëå £à ä®¢ á«¥¤ã¥â á¯à ¢¥¤-
«¨¢®áâì â ª®© â¥®à¥¬ë.

�¥®à¥¬  2 �á«¨ £à ä G { t-á®¢¥àè¥ë©, â®

α∗∇(G,w) = α(G, w).
�«¥¤®¢ â¥«ì®, ��-®æ¥ª  α∗∇(G,w) ï¢«ï¥âáï â®ç®© ®æ¥ª®© á¢¥àåã ¤«ï

¢§¢¥è¥®£® ç¨á«  ãáâ®©ç¨¢®áâ¨ t-á®¢¥àè¥ëå £à ä®¢.
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